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ABSTRACT: We determine the geometry of supersymmetric heterotic string backgrounds
for which all parallel spinors with respect to the connection V with torsion H, the NS®NS
three-form field strength, are Killing. We find that there are two classes of such back-
grounds, the null and the timelike. The Killing spinors of the null backgrounds have
stability subgroups K x R® in Spin(9,1), for K = Spin(7), SU(4), Sp(2), SU(2) x SU(2)
and {1}, and the Killing spinors of the timelike backgrounds have stability subgroups Ga,
SU(3), SU(2) and {1}. The former admit a single null V-parallel vector field while the
latter admit a timelike and two, three, five and nine spacelike @—parallel vector fields, re-
spectively. The spacetime of the null backgrounds is a Lorentzian two-parameter family
of Riemannian manifolds B with skew-symmetric torsion. If the rotation of the null vec-
tor field vanishes, the holonomy of the connection with torsion of B is contained in K.
The spacetime of time-like backgrounds is a principal bundle P with fibre a Lorentzian
Lie group and base space a suitable Riemannian manifold with skew-symmetric torsion.
The principal bundle is equipped with a connection A which determines the non-horizontal
part of the spacetime metric and of H. The curvature of A takes values in an appropriate
Lie algebra constructed from that of K. In addition dH has only horizontal components
and contains the Pontrjagin class of P. We have computed in all cases the Killing spinor
bilinears, expressed the fluxes in terms of the geometry and determine the field equations
that are implied by the Killing spinor equations.
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1. Introduction

It has been known for some time that the geometry of supersymmetric heterotic string
backgrounds resembles that of Riemannian manifolds that appear in the Berger classifica-
tion list and admit parallel spinors. This is because the gravitino Killing spinor equation is
a parallel transport equation for a metric connection V with torsion given by the NS®QNS
three-form field strength H. Therefore the solutions of the gravitino Killing spinor equa-
tion are characterized by the holonomy of @, hol(@). This holonomy group is contained in
the stability subgroup G of the parallel spinors in a suitable spin group. Berger classified
the irreducible Riemannian manifolds using the holonomy of the Levi-Civita connection.
Similarly, the holonomy of the Levi-Civita connection V of these Riemannian manifolds
which in addition admit parallel spinors is again contained in the stability subgroup of the
spinors. Because of this, it has been expected that there must be a relation between the
holonomies of V that appear in supersymmetric heterotic string backgrounds and those
of the Levi-Civita connection V of Berger irreducible Riemannian manifolds that admit
parallel spinors as both are contained in the stability subgroups of the parallel spinors. It
turns out that there is such a relation but there are also differences because the spacetime
of supersymmetric heterotic backgrounds is a Lorentzian and not a Riemannian manifold.
So the stability subgroups of the parallel spinors are in Spin(n — 1, 1) instead of Spin(n)
which is suitable for Riemannian manifolds. In addition, the heterotic string supergravity
has two more Killing spinor equations associated with the dilatino and gaugino supersym-
metry transformations.



The geometry of manifolds that admit a metric connection with skew-symmetric tor-
sion has been extensively investigated in the literature. Such geometries appear in the
context of supersymmetric one- and two-dimensional sigma models, see e.g. [[l-f]. They
have also been explored as supersymmetric solutions of the common sector of type II theo-
ries and heterotic supergravity, and their properties have been examined using the Killing
spinor bilinear forms, see e.g. [i—[]. Deformations of these geometries due to higher cur-
vature corrections of the heterotic string have been investigated in e.g. [{, §—[[1]. It has
been recognized some time ago that these geometries with torsion are closely related to
the standard geometries, like Kéhler, Calabi-Yau and hyper-Kihler, see e.g. [I[Lg], and
they have found applications in the geometry of black-hole moduli spaces 19— R1]. More
recently, these geometries with torsion have been studied using the Gray-Hervella classifi-
cation techniques [RJ], see e.g. [2d-R7]. So far in the applications of these geometries in
the context of ten-dimensional supergravity, it has been assumed that the spacetime is a
product, R?~™! x X,,, and the non-trivial part of the geometry is that of the Riemannian
manifold X,,. We shall not make such an assumption and we shall find that the spacetime
geometry of supersymmetric heterotic backgrounds is not always a product.

In this paper, we shall use the method developed in [B§] to systematically investigate all
possible geometries of supersymmetric heterotic string backgrounds. The parallel transport
equation |, Ve = 0, implies that

Re=0, (1.1)

where R is the curvature of V and takes values in spin(9,1). If the Killing spinors € have
a non-trivial stability subgroup G in Spin(9,1), G C Spin(9,1), then the holonomy of \Y
must be a subgroup of G, hol(V) C G. The Killing spinors are the singlets of G in the
decomposition of the Majorana-Weyl representation Afﬁ of Spin(9,1) under G. On the
other hand if the stability subgroup is {1}, then the holonomy of V is the identity and

R=0. (1.2)

Therefore either the Killing spinors are singlets of a proper subgroup of G C Spin(9,1) or
R = 0. In the former case, we shall give all the spinors which are singlets of a subgroup
of Spin(9,1). Some of these are related to the parallel spinors that exist on the manifolds
that appear in the Berger classification list and have been presented in [g]. However
in our case the stability subgroups are somewhat different because the spacetime is a
Lorentzian manifold. In the latter case, the spacetime is parallelizable with respect to the
V connection. Using this, we shall show that the spacetime is a Lorentzian metric Lie
group and that Visa parallelizable connection.

The investigation of the gaugino Killing spinor equations Fe = 0 is similar to that
of the curvature condition Re = 0. This is because the Clifford element F lies in the
spin(9,1) subspace of the Clifford algebra. If the spinors € that satisfy Fe = 0 have a
non-trivial stability subgroup G in Spin(9, 1), then the curvature F' takes values in the Lie
algebra g C spin(9,1) of G. If the stability subgroup is {1}, then F' = 0 and the gauge
connection is flat. In addition, the expression F'e for any spinor € can be read off from that



for the gravitino Killing spinor equation, in particular from the part that contains the spin
connection. Because of this, we shall not explore further the supersymmetry conditions
that arise from the gaugino Killing spinor equation.

The dilatino Killing spinor equation is somewhat different from the gravitino and
gaugino Killing spinor equations. In particular, there is no understanding of the solutions
of the dilatino Killing spinor equation in terms of Lie subalgebras of spin(9,1) similar to
the one presented above for the gravitino and gaugino Killing spinor equations. However it
can be analyzed using representation theory. It is also known that there are backgrounds!
with spinors which solve the gravitino but not the dilatino Killing spinor equation. Because
of this, we shall restrict our attention to those backgrounds for which all the solutions of the
gravitino Killing spinor equation are also solutions of the dilatino one, i.e. all @—parallel
spinors are Killing. In the terminology of [B1], these are the maximally supersymmetric
G-backgrounds, where G is the stability subgroup of the Killing spinors.

It is convenient to characterize the supersymmetric heterotic string backgrounds in
terms of the number of supersymmetries they admit, which we denote with N, and the
stability subgroup of the Killing spinors G in Spin(9,1), B3, B3. We shall show that
the stability subgroups G of the Killing spinors are either compact groups K, G = K,
for K = Go(N = 2),SU3)(N = 4),SU(2)(N = 8),{1}(N = 16) or G = K x R, for
K = Spin(7)(N =1),SU(4)(N = 2),Sp(2)(N =3),SU(2) x SU(2)(N = 4),{1}(N = 8),
where N denotes the number of supersymmetries. In the former case the stability subgroups
G are those expected from the Berger classification list. The latter case has no Riemannian
analogue and is due to the Lorentzian signature of spacetime but the subgroups K appear
in the Berger classification list. The Killing spinors are chiral with respect to a suitable
chirality projector of a Clifford algebra Cliff(R®) c Cliff(R1).

We shall show that the supersymmetric backgrounds for which the Killing spinors have
a compact stability subgroup admit a time-like and at least two space-like parallel vector
spinor bilinears? with respect to V. Because of this, we shall refer to them as time-like
backgrounds. The commutator of the parallel vector fields does not necessarily vanish
and the structure constants depend on the NS®NS three-form field strength H. If one
imposes the condition that the algebra b spanned by parallel vectors constructed from the
spinor bilinears closes under Lie brackets, then the spacetime M for K # {1} is (locally) a
principal bundle M = P(H, B, ) equipped with the connection A, where H is a Lie group
with Lie algebra b and base space B which is the space of orbits of the parallel vector fields.
The backgrounds with K = {1} are maximally supersymmetric and it has been shown in
B4 that the spacetime is locally isometric to R*»! H =0 and ® = const. The spacetime
metric and torsion can be written as

ds? = AN+ g

!Examples of such manifolds are Lorentzian metric groups for which all spinors are parallel with respect
to the left-invariant connection but such backgrounds typically preserve 1/2 of the supersymmetry because
half of these spinors do not solve the dilatino Killing spinor equation.

2Since the Killing spinors are parallel with respect to @, all the Killing spinor form bilinears « are also
parallel with respect to @, Va =0.
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H = 2o MY A AN + gnab)\“/\]-"b—l—Hh, (1.3)
where ¢g" and H" are the horizontal components of the metric and H, F is the curvature
of the connection A and 7 is a Lorentzian invariant metric on H. The dilaton ® depends
only on the coordinates of B. In addition

dH = ngpy FONF° + dH" . (1.4)

Therefore dH contains a representative of the first Pontrjagin class of P. The Killing spinor
equations impose restrictions on H, F and the geometry of the base space B. The gravitino
Killing spinor equation implies that the spacetime admits a K-structure compatible with
a metric connection with skew-symmetric torsion, hol(@) C K. There are three kinds
of conditions that arise from the dilatino Killing spinor equation. One set of conditions
imposes restrictions on the Lie group H, another set of conditions suitably restricts the
curvature F of the connection A, and the third set of conditions implies restrictions on the
geometry of B.

In particular, for K = G2, ‘H has Lie algebra either s[(2,R) or u(1) & u(1) & u(1); for
K = SU(3), H is a four-dimensional Lorentzian Lie group but otherwise unrestricted; for
K = SU(2), H is a six-dimensional Lorentzian metric Lie group but the dilatino Killing
spinor equation imposes restrictions of its structure constants which we determine.

The second set of conditions of the dilatino Killing spinor equation implies that the
connection A is a € instanton, i.e. F takes values in the Lie algebra ¢ of K. This is the
case for all K apart from K = SU(3) and ‘H non-abelian, where F satisfies the Donaldson
conditions and takes values in su(3) & u(1).

The base space B has dimension, dim B = 7,6,4 for K = G2, SU(3),SU(2), respec-
tively. In addition B admitAs a conformally balanced and integrable K -structure, aan a com-
patible metric connection V with skew-symmetric torsion H, H" = 7*H, i.e. hol (@) CK.
This is the case for all K apart from K = SU(3) and H non-abelian, where B admits an
SU.(3) = SU(3) xz R-structure, where R = U(1) or R = R and Z is a discrete group.
The additional R twist is due to a one-dimensional representation p of H and the asso-
ciated line bundle L = P x, C. The conformally balanced structure is due to the fact
that a Lee form of the K-structure of B is related to the exterior derivative of the dilaton
as consequence of the conditions that arise from the dilatino Killing spinor equation. An
integrability of the K-structure is also implied by the dilatino Killing spinor equations.
This is suitably defined for all K. For example, if K = SU(3), then the associated almost
complex structure is integrable and B is a complex manifold. Furthermore, if K = G and
‘H is abelian, then dilatino Killing spinor equation also requires that d¢ is orthogonal to
*p, where ¢ is a G9 invariant form on B. In the non-abelian case, this is not the case
and the inner product (dg,xp) is related to the structure constants of H. In all the above
cases, the NS® NS three-form H is determined by the form Killing spinor bilinears and
the metric of the spacetime. In addition, the integrability conditions of the Killing spinor
equations imply all the field equations provided that the Bianchi identities of H and F' are
satisfied.



Similarly, we shall show that the backgrounds for which the Killing spinors have sta-
bility subgroup K x R®, for K = Spin(7)(N = 1),SU(4)(N = 2), Sp(2)(N = 3),SU(2) x
SU(2)(N = 4),{1}(N = 8), admit a single null parallel one-form spinor bilinear x with
respect to V. Because of this, we shall refer to them as null backgrounds. If one adapts
coordinates with respect to the null Killing vector field X associated to k, X = 9/0u, then
the metric and torsion can be written as

ds? = 2¢ et + 5ijege§dyldy‘] )

1
H = ¢t Nde™ + 5 (H! +HE,

1
—ij —ij a1

3'H,~jkei NN (1.5)

Jem Aet Ael +
where £ = e~ = (dv + mdy’) and et = du + Vdv + nydy’, and Hfl-j and Hflijdenote the
components of H_;; in the subalgebra £ of K and its orthogonal complement in A2(R®),
A%(R®) = ¢ @ £-. Moreover, HELU =2 Qe_lvw in a suitably chosen frame. The Killing spinor
equations determine all components of the NS®NS flux H in terms of the form Killing
spinor bilinears and the spacetime metric apart from the component H EU In addition,
they imply that drk = de~ takes values in ¢ @, R®, where @, denotes semi-direct sum of
Lie algebras. A consequence of this is that the null parallel vector field leaves invariant the
K x R®-structure of spacetime.

In all null cases, the spacetime admits a codimension eight integrable foliation with
leaves a manifold B. For generic backgrounds, B admits a K-structure which is not com-
patible with the induced metric connection V with torsion. However, if dx = 0, then B is
a conformally balanced integrable manifold with a K-structure and compatible connection
V with torsion, i.e. hol(@) C K. The conformally balanced and integrability properties
are consequences of the dilatino Killing spinor equations and are defined in a way similar
to those of the space B in the timelike backgrounds we have mentioned above. We have
also shown that the Killing spinor equations imply all field equations apart from the F__
component of the Einstein equations, the LH_ 4 components of the two-form gauge poten-
tial and the LF_ component of the field equations of the gauge connection provided that
all the Bianchi identities are satisfied.

We also apply our results to investigate some properties of the Killing spinor equations
of the common sector of type II supergravities. We find that the ITA and IIB common
sectors should be treated separately because despite many similarities there are also dif-
ferences. We mostly focus on the IIB common sector and investigate the supersymmetry
conditions of backgrounds with two supersymmetries. We show that there are five distinct
cases to examine described by the stability subgroups of the Killing spinors.

This paper is organized as follows: in section P, we state the field and Killing spinor
equations of heterotic supergravity and describe the integrability conditions of the latter.
In section B, we find the stability subgroups G of spinors in Spin(9,1) and give the G-
invariant spinors (singlets) in the Majorana-Weyl representation Ay of Spin(9,1). In
section [, we describe the parallel spinors and forms of supersymmetric backgrounds. We
argue that there is always a basis up to a local Lorentz transformation such that the parallel
spinors are constant. In section ], we determine the geometry of N = 1 backgrounds. In
section [, we give the geometry of N = 2 SU(4) x R8-backgrounds. In section [], we



describe the geometry of N = 2 Ga-backgrounds. In section f, we investigate the geometry
of N = 3 backgrounds. In section f], we determine the geometry of N = 4 SU(3)- and
(SU(2) x SU(2)) x R8-backgrounds. In section [[(, we describe the geometry of N = 8
SU(2)- and R3-backgrounds. In section [[1l, we show that V-parallelizable backgrounds
are Lorentzian metric Lie groups. In section [[J, we apply our results to examine the
supersymmetric solutions of the common sector of type II supergravities. In section [L3,
we give our conclusions. In appendix [A], we describe the spinors in terms of forms and
compute the form spinor bilinears for all singlets of a subgroup G C Spin(9,1) in A‘fﬁ.. In
appendix [H, we present the linear systems associated with the Killing spinor equations of

the heterotic supergravity.

2. Fields and spinors

2.1 Field and Killing spinor equations

The bosonic fields of heterotic supergravity are the metric g, the NS®QNS three-form field
strength H, the dilaton scalar ®, and the gauge connection A with curvature F. The field
and Killing spinor equations of the heterotic string receive string o/ corrections which can
be computed either from a sigma model beta function or from string amplitude calculations.
The field equations in the string frame to lowest order in o/ are

Eyvn = Run — iHPQMHPQN +2Vyon® =0,

LHpg = V(e **HMpg) =0,

Ld = V2P — 20MN 91, DOND + 1—12HMNRHMNR =0,
LEy =VM(Ee2*Fyn) =0, (2.1)

where V is the Levi-Civita connection of the metric g. The field equation for the dilaton
is implied from those of the metric and two-form gauge potential B associated with H,
H = dB, up to a constant. The Killing spinor equations are

Ve =0,
1
(FM8M<I> — EI\ZMANP]?MNP)6 =0 )
FynTMNe =0 , (2.2)
where V = V + %H, Ve = 0pe+ %Q]\/LABFABG,
N 1
VyYM = vy M 4 §HMNRYR , (2.3)

and € is a Majorana-Weyl spinor of positive chirality, i.e. € is described by forms of even
degree. In what follows, we shall denote the spin connection of the V covariant derivative

with €.



2.2 Integrability conditions

It is well-known that some of the field equations of supersymmetric backgrounds can be
implied by the Killing spinor equations. To find which field equations are implied, one has
to investigate the integrability conditions of the Killing spinor equations. In the case of

heterotic supergravity, these integrability conditions are, see also [BF],

. 1.
[V, Ve = ZRMN,ABFABG =0,
[Var, FreTR%e = 0,

. 1
[Var, OnoTY — EHNPQFNPQ]E =0,

i
[FpsTTS ayor? — EHNPQFNPQ]G =0. (2.4)

Multiplying the first expression above with I'"V, using appropriately the remaining integra-
bility conditions and the identity

1 1
gMNaM(I)aN‘I)G — Q—HMNRHMNRG — §8MCI)HMSTPST6

+ —HS yNyHspoTMNPRe =0, (2.5)
one finds that

A 1

RyapcTATBC% = 2B nTNe — 2P LHynTN e — EBHMABCI‘ABCG =0,
1 1

Lde — ZemLHMNFMNe —~ 4—8BHMNPQFMNPQ6 =0,

éBFMNprMNPe+ 202 LENTNe =0, (2.6)
where BHynpg = 4(dH)ynpg and BFyng = 3VmFyrg)- To the order of o that we
have stated the field equations above, the Bianchi identity of H implies that BH = dH = 0.
However, if the heterotic string anomaly is included and so schematically, BH ~ o (trR% —
trF'?) + O(a’?), then, for consistency, one has to include the two-loop correction to the field
equations [0, [I{].

A remarkable property of (P.f) is that if one imposes the Bianchi identities of H and
F, BH = 0 and BF = 0, respectively, then the remaining equations are up to quadratic
order in gamma matrices. As a result, it is straightforward to construct the linear sys-
tems associated with the integrability conditions from that of the Killing spinor equations.
These linear systems are similar to those investigated in the context of M-theory and IIB

supergravity in [B].

3. Stability subgroup of spinors in Spin(9,1)

As we have mentioned in the introduction, the Killing spinors of supersymmetric back-
grounds with R # 0 are singlets of the holonomy group hol(@) of V. In addition, the
holonomy group in every case is a subgroup of the stability subgroup of the Killing spinors



in Spin(9,1). Therefore, we have to determine all the spinor singlets of the subgroups®
of Spin(9,1). This analysis closely resembles that of determining the parallel spinors of
manifolds with special holonomy which has been presented in [RJ]. However, there are
some differences that arise because the spacetime is a Lorentzian manifold.

3.1 One spinor

There is one type of orbit of Spin(9,1) with stability subgroup Spin(7) x R® in Afﬁ. The
proof of this has been given in [BY] but we shall repeat the steps here because they are
useful for determining the stability subgroups of more than one spinor. Consider the spinor

1+e1934. (31)

The stability subgroup of this spinor in Spin(9,1) is Spin(7) x R® as it can be seen by
solving the infinitesimal invariance equation

AT AB(1 4+ e1234) =0, (3.2)

where )\ parameterizes the spinor transformations. This computation is most easily done
in the pseudo-Hermitian basis that we have given in (A.g). It is easy to see that the above
condition implies that the parameters are restricted as

1 _
Naj = 5%5”‘”\76 , )‘aggo‘ﬁ =A i =Xda=Xa=0, (3.3)

where €337 = 1. Observe that the parameters A_, and A_j are complex conjugate to
each other but otherwise unconstrained. The group that leaves invariant 1 + ejs34 has Lie
algebra spin(7) @, R® and so find that the stability subgroup is Spin(7) x RE.

Having established this, we decompose Afﬁ under the stability subgroup Spin(7) as

Afg =R <1+e >+A(RT) + Ag (3.4)

where the singlet R is generated by 1+ e1934, A'(R”) is the vector representation of Spin(7)
which is spanned by the spinors associated with two-forms in the directions eq,...,es and
i(1 — eq1234), and Ag is the spin representation of Spin(7) which is spanned by the rest of
spinors which are of the type I'"'n, n is a spinor generated by the odd forms in the directions

e1,...,e4. Therefore the most general spinor in AIL6 can be written as
n=a(l+e4)+ 601+ 62, (3.5)

where 6; € A'(R") and 6 € Ag. First we assume that a # 0. In this case, there are two
cases to consider depending on whether #5 vanishes or not. If 63 = 0, since Spin(7) acts
with the vector representation on AI(R7)7 it is always possible to choose 61 = ib(1 — e1234).
The most general spinor in this case then is

n= a(l + 61234) + Zb(l — 61234) . (36)

$We only consider connected subgroups of Spin(9,1) as stability subgroups for spinors and our compu-
tations are restricted on the Lie algebra level. However spinors can admit disconnected stability subgroups
and these are applicable to non-simply connected manifolds [@, @]

,10,



However, it is easy to see that this spinor is in the same orbit as 1+ e1234, €.g. observe that
n = helﬂ‘m(l + 61234) , (37)

where h? = a? +b? and tan+) = b/a. Next suppose that f; does not vanish. If f # 0, there
is always a Spin(7) transformation such that 65 = c['"(e1 + e234). This is because Spin(7)
acts transitively on the S7 in Ag and the stability subgroup is Go, Spin(7)/G2 = S7. In
addition Gy acts transitively on the S in A'(R") with stability subgroup SU(3). So it can
always be arranged such that 6; = ib(1 — ej234). Therefore the most general spinor in this
case is

n= a(l + e1234) + ib(l —e1234) + CPJr(el + €234) - (3.8)

However observe that this spinor is in the same orbit of Spin(9,1) as 1 + e1234. Indeed

n= B%F—F5€§F+F1a(1 + €1234) - (3.9)
So, we find that if a # 0, then there is one orbit represented by a(l 4 ej234). It remains
to investigate the case where a = 0. In this case, it is straightforward to see that the orbit
can always be represented by cI't(e; + es34). In turn this spinor is in the same orbit of
Spin(9,1) as %(1 + e1234) as it can seen by acting on the latter with the element I'sI'; of
Spin(9,1). As a consequence, the stability subgroup of cI't (e1 +e234) is again Spin(7) x R,
Therefore, there is only one type of orbit of Spin(9,1) in Afﬁ which can be represented
with a(1+ ej234). To conclude, the Killing spinor of backgrounds with one supersymmetry
can be chosen, up to a Lorentz rotation for the fluxes, such that

€= f(l + 61234) , (3.10)
where f a spacetime function.

3.2 Two spinors

There are two types of N = 2 backgrounds distinguished by the stability subgroup of the
Killing spinors. To see this, we choose the first spinor to be €; = a1 (1+ e1234) with stability
subgroup Spin(7) x R®. Then we decompose A, as in (B4).

One option is to take the second Killing spinor eo € AL. Tt turns out that Spin(7)
acts transitively on the sphere in A% = Al(R7) and so we can take ez = agi(l — e1234).
The stability subgroup in Spin(9,1) of both € and e; is SU(4) x R®. Moreover Ag =
A}(C*) @ A3(C*) under SU(4) and so there are no additional singlets. Therefore one class
of N =2 backgrounds are those for which the Killing spinors are

€1 = f(1+e1934)
€2 = g1(1 + e1234) +ig2(1 — e1234) , (3.11)

with stability subgroup SU(4) x RS.

Next suppose that ea € Ag. Spin(7) acts transitively on the sphere S7 in the spinor
representation Ag with stability subgroup Ga. Because of this, the second Killing spinor can
be chosen as ea = boI'"(e1 +€e234). In addition A%(R7) is an irreducible representation of Go
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and so there are no additional singlets. Therefore the second Killing spinor can be chosen
as €2 = as(1 + e1234) + boaI'"(e1 + e234). However in this case, it can be simplified further
using the additional R?® invariance of 1 +e1234. In particular observe that ez_;F_Flbngr(el +
€234) = as(1 + e1234) + boaI'T(e1 + e934). Therefore, we can take as a second spinor ey =
asT'T(e1 + e234). To summarize, another class of N = 2 backgrounds are those for which

the Killing spinors are

e1 = f(1+e1234)
€y = gr+(€1 + 6234) s (3.12)

which have stability subgroup Gs.

It remains to take the second spinor to be an element of A}(R”) @ Ag. One can again
use the Spin(7) invariance of €; to set the component of the second spinor €3 in Ag to be
along the direction I't (e + e234). As we have mentioned the stability subgroup is Gs. In
addition G acts transitively on the S% in A}(RT) with stability subgroup SU(3). Because
of this, the component of €5 in A}(R7) can be set along the direction i(1 — ej234). However,
since the stability subgroup is SU(3), there are two more additional singlets. As a result,
this case applies to N = 4 backgrounds which we shall investigate below.

3.3 Three spinors

To find the Killing spinors of N = 3 backgrounds, we assume that we have selected the
first two Killing spinors as it has been described above. Therefore, we have to consider two
cases. The first case is when the first two Killing spinors €1, €5 are the SU(4) x R® invariant
spinors (B.11)). The decomposition of Afy under SU(4) is

AIL6 =R < a1(1 + 61234) > 6BR < ag’i(l — 61234) > @A%(C4) D A}l(C4) & A}l(cll) . (313)

The third spinor €3 must be linearly independent from both a; (1+e1234) and agi(1—ej934).
Suppose that €3 € A2(C*). Tt is known that the generic orbit of SU(4) in AZ(C*) can be
represented by pjejo+psess, p1 # £ and has stability subgroup SU(2)x SU(2). However,
there are at least two more real spinors invariant under the SU(2) x SU(2) subgroup of
SU(4) and so this case is suitable for backgrounds with N > 3. However, it is well-known
that there is a special orbit of SU(4) in AZ(C*)@ A} represented by the real spinor ej5 — e34
which has enhanced stability subgroup Sp(2). In addition, decomposing Ag under Sp(2)
which can be done using sp(2) = s0(5), one can find that there are no additional singlets.
To summarize, the Killing spinors of N = 3 backgrounds are

€1 = f(1+e1234)
€2 = g1(1 + e1234) + 1g2(1 — e1234) ,
€3 = h1(1+ e1234) + tha(1 — e1234) + ha(e12 — es4) , (3.14)

with stability subgroup Sp(2) x R® in Spin(9,1). One can continue to investigate whether
there are other cases of N = 3 backgrounds. It turns out that there are no other possibili-

ties.
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3.4 Four spinors

Continuing in the same way as in the above cases, one can show that there are two cases
to consider with four spinors. One case has stability subgroup SU(3) and the other has
stability subgroup (SU(2) x SU(2)) x R®. A basis in the space of singlets in the former
case is

m=1+e3s, m=1il—-e4),
N3 = €15 + €345 , N4 = i(e15 — €2345) (3.15)
and a basis of singlets in the latter case is
m=14ep3s, n2=1i(1—e234) .,
N3 =e12—e3n, MN1=rile2+e3q). (3.16)

The Killing spinors of supersymmetric backgrounds are linear combinations of the (con-
stant) spinors in the above bases. However, we shall argue that in the case of heterotic
string, one can always find a gauge such that the Killing spinors are constant and can be
identified with the bases elements above.

3.5 Eight spinors

Similarly, there are two stability subgroups in Spin(9,1) that leave invariant eight spinors.
One stability subgroup is SU(2) and a basis in the space of singlets is

m =1+e1234 , ne =i(1 — e1234) ,

73 = €12 — €34 , Ny = i(e12 +e3q) ,

N5 = €15 + €2345 , ne = i(e1s — e2345) ,

N7 = €52 + €1345 ng = i(es2 — e1345) - (3.17)

The other stability subgroup is R® and a basis in the space of singlets is

m =1+ e1234 , n2 =1i(1 —e1234) ,
73 = €12 — €34 , na =i(e12 + eaq) ,
N5 = e13 +exy , ne =i(e13 — exu)
N7 = e — e, ng = i(e23 + e14) (3.18)

The Killing spinors of supersymmetric backgrounds with eight supersymmetries are again
linear combinations of the (constant) spinors in the above bases. As in the previous case of
four Killing spinors, it can always be arranged such that the Killing spinors are identified
with the bases elements above.

Some of the results presented in this section are summarized in the table [l

4. Parallel spinors and forms

4.1 Holonomy, gauge symmetry and Killing spinors

As we have mentioned, the gravitino Killing spinor equation of heterotic strings is a parallel
transport equation for a metric connection with skew-symmetric torsion V. Therefore, the
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G N =

Spin(7) x R® v - - -

SU(4) x R® -

Ga -

Sp(2) x RS - - v -

(SU(2) x SU(2)) x R® | - - - V - -
SU(3) - - - Vv

R® - - - -

SU(2) - - - -

{1} - - - - - Vv

Table 1: N denotes the number of parallel spinors and G their stability subgroup in Spin(9,1).
y/ denotes the cases for which the parallel spinors occur. — denotes the cases that do not occur.

<<

L

main tool to investigate the existence of solutions of such an equation is the holonomy of @,
hol(@). The bundle of parallel spinors K is spanned by the singlets of the decomposition
of the Majorana-Weyl representation Afg under hol(@). In particular, we have

0-K—-8—-S/K—-0, (4.1)

where S is the associated bundle of the principal spin bundle with typical fibre Airﬁ.. The
vector bundle K is topologically trivial and so it is equipped with the trivial connection 0.
In particular, one can introduce a basis (n;,7 = 1,...,rank I@) of constant spinors in K.

The Killing spinor equations of the heterotic string are covariant under (local)
Spin(9,1) gauge transformations as those of IIB supergravity. However, unlike the cases
of IIB and eleven-dimensional supergravities, the Lie algebra spin(9,1) of the gauge group
of the Killing spinor equations coincides with the Lie algebra that the (super)covariant
derivative V takes values in. This in particular implies that the restriction of V on the
sections of K can be trivialized with Spin(9,1) local gauge transformation. As a result,
there is a gauge, up to local Spin(9,1) transformations, such that the parallel spinors of
V are constant and so they can be identified with a constant basis 7;. Of course the basis
7; is defined up to a (constant) general linear transformation G'L(rank I@,R). This trans-
formation can be used to simplify the expressions for the Killing spinors, for more details
see [BY. We remark that in IIB and eleven-dimensional supergravities, there is not always
a choice of a gauge for which the solutions of the gravitino Killing spinor equations are
constant. For example, one can adapt the results of [B4] to show that the only maximally
supersymmetric background of IIB and eleven-dimensional supergravities with constant
Killing spinors is locally isometric to Minkowski spacetime.

Given a constant basis 7; of parallel spinors in K, the most general Killing spinors can

be written as

eT:Zfrmi, r=1,...,N, i=1,...,rank K, (4.2)
7
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where f = (f,;) is a real constant matrix. In general N < rank K because some parallel
spinors may not solve the dilatino or gaugino Killing spinor equations. The matrix f can
be thought of as the inclusion of the bundle of Killing spinors K in K.

To investigate all the supersymmetric backgrounds of the heterotic string, one has to
determine the cases for which N < rank K for N > 1. It is well-known that there are
such backgrounds as for example the group manifolds that have been mentioned in the
introduction. In what follows, we shall only consider the cases for which N = rank K.
These are the so called maximally supersymmetric G-backgrounds in the terminology of
Bl. In the first few cases, we shall allow the coefficients f in (.J) to be spacetime
functions and show that the parallel transport equations imply that f can be taken to be
the identity, up to a local Spin(9,1) and constant GL(N,R) transformations, in agreement
with the general argument presented above.

We have mentioned in the introduction that there are null and timelike supersymmetric
backgrounds. These can be distinguished by the properties of their Killing spinors (N =
rank I@) The Killing spinors of null supersymmetric backgrounds satisfy I'"e = 0, (see
appendix [] for our spinor conventions). Since € € Afﬁ, this condition implies that the
Killing spinors are also chiral with respect to the Clifford subalgebra Cliff (R®) of Cliff(R%!),
where R =R < el,... e €%, ..., e? >. There are null supersymmetric backgrounds with
even and odd number of Killing spinors.

The timelike supersymmetric backgrounds admit always even number of Killing spi-
nors. Half of these spinors satisfy the condition I'"¢ = 0 while the other half satisfies
the condition I'te = 0. Therefore the Killing spinors do not have a definite chirally with
respect to the above Cliff(R®) subalgebra.

4.2 Parallel forms

It has been known for some time that an alternative way to characterize the geometry of
supersymmetric heterotic backgrounds is in terms of the spacetime form bilinears of the
parallel spinors, see e.g. [, [4, f[il. In the heterotic case, a consequence of the Killing spinor
equations is that all the spacetime form bilinears of the parallel spinors are also parallel
with respect to the connection V. This is because V is a connection that takes values in
spin(9,1) and so preserves the gamma-matrices and the spinor inner product, i.e. Ve, =0,
r=1,..., N, implies that

Vays =0, rs=1,...,N, (4.3)

where a5 represents all the form spinor bilinears, see appendix [] for the definition of a.
A converse to the above statement has been presented in [[I(J. In the case of the
heterotic string a stronger statement is valid. In particular, if the forms «,s; are spinor
bilinears of some spinors ¢, and @ars = 0, then @er = (0. This is because the stability
subgroups of the parallel spinors can also be characterized as those subgroups of Spin(9,1)
that leave the forms a,.s invariant. Therefore, one can use the form spinor bilinears to give
an alternative description of the geometry of spacetime of supersymmetric backgrounds.
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The parallel forms of supersymmetric backgrounds generate a ring under the wedge
product. It turns out that the ring of null supersymmetric backgrounds is nilpotent, i.e. the
wedge product of any two forms in the ring vanishes. In all cases, there is a null parallel
one-form x = e~ and all the rest of the generators of the ring are of the form

a=e Ao, (4.4)

where (et e, ¢') is a light-cone frame adapted to the metric. Although Va = 0, the form
¢ is not parallel with respect to the V connection. In particular, we have

?A(bil...ik =0 o @A(bBl...Bk_l-f— =0 )
Vadiy iy 1— = Q4" —Piy. iy ym - (4.5)

Nevertheless in many cases it is convenient to use the form ¢ to describe the geometry of
spacetime.

The timelike supersymmetric backgrounds admit at least three parallel one forms xk =
e,k =et and & = e'. The N > 2 backgrounds admit more than three parallel one-forms.
The associated ring of parallel forms is not nilpotent. At the end of this section, we give
the generators of the rings of the parallel forms of all the supersymmetric backgrounds.

Some geometric properties of the spacetime follow immediately from ([£J). For ex-
ample, let x be a one-form parallel spinor bilinear. Then (f.3) implies that x is parallel,
Vk = 0. The associated vector field X with respect to the spacetime metric is also parallel,
VX =0. A consequence of this is that

[,Xg =0
dk = ixH , (4.6)

i.e. X is Killing and that the rotation of k is equal to the particular component of the flux
H. In addition, if H satisfies the Bianchi identity, which it does at the lowest order® in o/,
then

LxH =dixH +ixdH =dixH =0, (4.7)

and so H is also invariant under the one-parameter family of diffeomorphisms generated
by X.

Next suppose that X, Y are @—parallel vector fields and denote with kx and Ky the
associated one-forms. The commutator of such two Killing vector fields is Killing because
L'[va] =LxLy — LyLx. In addition, it is known that ix,y] = Lxiy — iy Lx and so

’L'[X7y]H = ,CX’LYH = ,CXdHY = dﬁXKY = dl‘{[X7y] . (48)

Therefore, the commutator [X, Y] is also parallel with respect V. However K[x,y] may not
be associated with a one-form parallel spinor bilinear.

“However, it is parallel with respect to another connection which takes values in the compact subalgebra
of the holonomy group of the null supersymmetric backgrounds.

5Tt is expected that H will remain invariant after all perturbative corrections in o are taken into
account provided that the classical background is invariant under the transformations generated by X.
This is because the corrections are polynomials of the Riemann curvature R, ', H and their covariant
derivatives which are invariant under X.
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Another aspect of the form spinor bilinears that arise in the context of supersymmetric
heterotic string backgrounds is whether or not they are invariant under the Killing vectors
of these backgrounds. Let X be a Killing vector associated with a one-form spinor bilinear
k and «a be a k-form spinor bilinear. Using Va = Vk = 0, one can show that

(Lxa)a,..a, =k(=D)*(ixH)? 4,04, a5 (4.9)

where Aq,..., A, B = —,+,1. Therefore Lxa = 0, iff the rotation of X, ixH, leaves
invariant the form «. We shall find that the dilatino Killing spinor equation implies such
conditions.

It also turns out that the geometry of the spacetime of supersymmetric backgrounds
can be described using a minimal set of parallel forms. This particularly applies to the
conditions that arise from the gravitino Killing spinor equation. This is similar to the char-
acterization of Kahler manifolds as the Riemannian manifolds that admit a parallel almost
complex structure. The generators of the ring of parallel forms or the rings themselves for
the supersymmetric backgrounds, up to Hodge duality, are summarized in table [£.d below.

5. N =1 backgrounds

5.1 Supersymmetry conditions

In section f}, we have shown that the Killing spinor can be chosen as ¢ = f(1+ej1234) and has
stability subgroup Spin(7) x R, where f is a real function of the spacetime. Substituting
this into the gravitino Killing spinor equation, we find

14 53 14 =5 14
dalog f(1+ e1a34) — gszA,wa&@Braﬁl + ZQA@BPO‘Bl U
1A 14 14 - 14
—iQA,aa€1234 + §QA,+aF+a€1234 + §QA,+aF+a1 + §QA,—+(1 +e1234) = 0. (5.1)
The above equation can be expanded in the basis (A.9). Setting every component in this
basis to zero, we find the conditions

1A
aA lng + §QA,7+ =0 s (52)
~ ~ 1~
QAvaa =0, QA@B — §QA,76€75@B =0, (5.3)
QA,+07 == QA,+Q == 0 . (54)

The components Q A,—a and QO A,—a are unconstrained.
Similarly, one substitutes e = f(1 + ej234) into the dilatino Killing spinor equation to
find

1
(FA8A<1> — EFABCHABC)(l + 61234> =0. (5.5)

Expanding this in the basis ([A.9), we get that

1 1 1
Ia® + gHﬁlﬁzﬁgeﬁlﬁgﬁga - §Hdﬁﬁ —5H-+a=0, (5.6)
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Supersymmetry Killing Parallel Forms
Vectors
N =1 Spin(7) x R® 1 e ,e” A
N=2 SU#4)xR?® 1 e e Ax,e” Aw
N=2 Gy 3 e ,et . el o
1
1

N =3 Sp(2) x R®
N =4 (SU(2) x SU(2)) x R®

e” ,e” ANwr,e” ANwy,e Nwg
e”,—e  Aetneb+e?ne)
—e A A +etAne?)
e” A (el +ieb) A (e +ie")
e” A(e3 +ied) A (et +ie?)

N =4 SU(3) 4 e et el ef, o, x

N=8 R® 1 e” AP, b€ AVT(RY)

N =8 SU(2) 6 e, et el ef, e, e,
—e3ned —etne? | (e3+ied) A (et +ie?)

N =16 {1} 10 eA, A=0,...,9

Table 2: The first column gives the number of Killing vectors that are constructed from Killing
spinor bilinears of a supersymmetric background. The second column gives a minimal set of
@—parallel forms which characterizes the geometry of the supersymmetric background, where
Avert(R®) = AOR®) & A2(R®) & A*T(R®) and A*T(R®) is the space of self-dual four-forms in
R®, and

x = (et +ieS) A (e +ie”) A (e +ie®) A (e +ie?) |

w=—etNeb —e2he”" —eBnef —etne? ¢:Rexf§w/\w,
O=—e’Ne" —e3ned —etne | x= (2 +ie") A(e® +ied) A (et +ie?)
o=Rex+eA0, w=w,

wy = Re[(e! +ie5) A (€2 +ie")] + (&3 + ie®) A (e + ie?)] ,

wr = —Im[(e! +ie8) A (e +ie”) + (2 +ied) A (e +ie?)] .

0+P =0, (5.7)
Hi =0, —Hiaa + %le 5,724 60 = 0. (5.8)
The components 0_® and H_;; remain undetermined by the dilatino Killing spinor equa-
tion, where i = o, @ and similarly j.
5.2 The geometry of spacetime

5.2.1 The holonomy of V and supersymmetry

The gravitino Killing spinor equation implies that the holonomy of the V connection is
contained in Spin(7) x R8. This may have been expected on general grounds because the
Killing spinor € is parallel with respect to V and so the holonomy of V should be contained
in the stability subgroup of the Killing spinor € in Spin(9,1).
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One can also see this explicitly in the gauge f = 1. This gauge can be attained by the

05 . . . -
I which induces a Lorentz gauge transformation on V and a

spinorial transformation e
Lorentz rotation on the fluxes. The action of eI on the Killing spinor € is to scale it with
e’. Therefore setting b = — log | f|, the spacetime dependence of the Killing spinor can be

gauged away and so the Killing spinor can be written as ¢ = 1 4 ej9234. In this gauge
Qup-=0, (5.9)

which together with (f.4) imply that all the components of O A+B = 0. It is then easy
to see that the remaining components of the connection one-form, Q = Que?, take values
in spin(7) @, R®. Note however that for generic N = 1 backgrounds, the Levi-Civita
connection does not have Spin(7) x R® holonomy.

The converse is also valid. If hol(V) C Spin(7) x R®, there is a spinor e which is
parallel with respect to V and so e satisfies the gravitino Killing spinor equation. Thus the
existence of a solution for the gravitino Killing spinor equation can be entirely characterized
by the holonomy of V.

To investigate further the geometry of spacetime, it is convenient to introduce the
@—parallel forms associated with the parallel spinor bilinears. It turns out that most of the

fluxes and geometry can be expressed in terms of these bilinears.

5.2.2 Spacetime forms

Using the formulae that we have collected in appendix [, one can find that the non-

vanishing Killing spinor bilinears® are a one-form
k= r(e,€) = f2(e —¢), (5.10)
and a five-form
r=1(e,€) = f2(2 - ) A o, (5.11)
where
¢ = Rex — %w/\w , (5.12)

and x and w are defined in appendix [A], see also table [L.2. It is easy to recognize that ¢ is
the usual Spin(7)-invariant four-form on eight-dimensional manifolds. The forms w and x
are not individually well-defined on the spacetime.

To proceed, we introduce a frame e, e™,e®, e®, where e™ = (1/v/2) (=€ + ¢€?), e
(1/v/2) (e + €%), and e® = (1/v/2) (e* + ie*P),e® = (1/v/2) (e® — ie®+5), and (€°,...,¢€")

is the orthonormal frame in appendix [A]. The spacetime metric can be rewritten as
ds® = 2ete™ + 26aBeO‘eB. (5.13)

7

In this new frame” k = f2e~ and 7 = f2e~ A¢. Therefore the ring of form spinor bilinears

under the wedge product is nilpotent, i.e. the wedge product of any two forms vanishes.

%We have normalized the Killing spinor e with an additional factor of 1/v/2.
"We have normalized the forms with a further factor of 1/v/2.

,19,



As we have explained in section .9, x and 7 are @—parallel. Therefore the vector field
X = f?e, associated with the one-form s with respect to the spacetime metric is also
V-parallel, i.e. VX = 0, where e?(ep) = 6% and ep is the co-frame. This in turn implies
that X is Killing and dk = ix H. Consequently, dix H = 0 and so the Bianchi identity,
dH = 0, implies that LxH = 0. The three-form field strength H is invariant under the
isometries generated by X. In addition (b.7) implies that Lx® = 0 as well. Therefore the
metric and both fluxes H and ® are invariant under X. Furthermore as we shall explain
in detail in the next section, (b.§) implies that H, sp takes values in spin(7) @, RS, Using
([.9), one finds that

LxT=0. (5.14)

Therefore, the parallel vector field X leaves invariant the Spin(7) x R3-structure of space-
time. It turns out that this is a generic property of all null supersymmetric heterotic
string backgrounds that we investigate. The null parallel vector field preserves the K x R®-
structure of the spacetime.

5.2.3 The solution of the Killing spinor equations

To further investigate the Killing spinor equations, we decompose the space of two-, three-
and four-forms under Spin(7) as as A2(R®) = AZ @ A2, A3(R®) = A3 @ Adg, AY(R®) =
Ai(RS) ® A% (RY), Ai = A} ® A2 ® AL, and A* = A%y, where

A2 ={ac A’R®)| x (aN@)=—=3a}, A ={acA’R®| x(an¢) =a}
A ={x(and)lae A (R®)}, Ajg={aec AR ane=0},
Al ={r¢|r eR}. (5.15)

The representation A3, can be identified with the adjoint representation of spin(7), so
spin(7) = s0(7) = A%,. Using the above decompositions, the conditions that arise from the
gravitino Killing spinor equation (f.6)-(p.§) in the gauge f =1 can be written as

Quip=0, O, =0, (5.16)

where the projection to the seven-dimensional representation is done in the indices i,j =
1,...4,6,...,9. In addition, the conditions that arise from the dilatino Killing spinor
equation can be rewritten as

1 A 1
0;® + Eij,MQ —H i =0, 042=0, HY;=0. (5.17)

The conditions (f.16) and (p.17) can be solved to determine most of the components
of the flux in terms of the geometry. In particular, the first equation in (p.16) implies

that k = e~ is parallel and so ixH = dk = de”. The second equation is equivalent to
\V/ A®ijrr = 0 and so in particular implies that

?fgbijkl =0,
Vim@ijre = 0. (5.18)
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These equations can be solved for the fluxes to give

1 1
HY;j = H_;j - §H—kl¢klij = =39V Gparj
1
H;jp, = _Zv[ml¢m2...m5}6m1m2mm5ijk + 0" i (5.19)

where
1 o
Oi = — 26V bpjrjasa 1727 - (5.20)

Observe that 6 is analogous to the Lee form of eight-dimensional Riemannian manifolds
with a Spin(7)-structure. To derive the second equation in (F.19), we have use the results
of 4. In addition the first condition in (f.17) implies that the H isjk component of H
which is determined by 6 can be expressed in terms of the derivative of the dilaton and
the Hy_; = (dk)_; component of the flux. If Hy_; # 0;f, then the spacetime is not
conformally balanced.

Therefore the metric and three-form flux of the supersymmetric spacetime can be
written as

ds? = 2eTe™ + 5a/§eaeﬁ

| o
H=ce" Nde™ + Q:ij e Ne'Nel + in}je_ Ne' Nel
1

3'Hijkei Aed neb (5.21)

_l’_

where H;jj is given in (p-19). The component H E}] of the fluxes is not determined by the
Killing spinor equations.

5.2.4 Local coordinates

One can introduce local coordinates on the spacetime M by adapting a coordinate u along
the null Killing vector field X, X = % The spacetime metric can be written as

ds* = 2U (dv + mydy")(du + Vdv + nydy") + yrsdy'dy” (5.22)

where U,V,mr,n; and 75 are functions of v,y! coordinates, I,J = 1,...,8. All the
components of the metric are independent of u because X is Killing. In addition U = f2.
To see this, we adapt the frame

e” =dv+mrdy' , et =U(du+Vdo+nidy'), e =eldy’, (5.23)

where vyr5 = (5”‘636{]. The Killing vector field in this frame is

0
X = f?e, = 50 (5.24)
where ep is
0 0 0
g1 — 2 _v=
er=U ou’ T o V@u’
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(5.25)

eile][ = 5ij, m; = mlel-[ and n; = TL[BZ'I. Using the above expression for the co-frame, the
Killing vector field X can be written as

L0 0

X:f2€+:f2U 8u—%

(5.26)

Therefore U = f2. In particular, we can set U = 1 in the gauge f = 1.
A consequence of the torsion free condition for the Levi-Civita connection and Q A+B =
0 is that

ixH=dm. (5.27)
So using ¢ x H = dk, one finds that
drk = dm. (5.28)

As it may have been expected the off-diagonal part of the metric (f.29) proportional to
m, which is responsible for the deviation from Penrose coordinates, is due to the rotation
of the null geodesic congruence generated by x. In addition (.27) relates this term to the
presence of non-vanishing H fluxes. Furthermore, the coordinate v of the spacetime can
be specified by applying the Poincaré lemma on the closure relation d(x —m) = 0.

5.2.5 A deformation family of Spin(7)-structures

The spacetime M of N = 1 supersymmetric heterotic string backgrounds can be interpreted
as a two parameter Lorentzian deformation family® of an eight-dimensional manifold B with
an Spin(7)-structure. To see this, observe that the metric (p.22) can be rewritten as

ds® = gagpdu®du® + g7 (dy’ + ALdu®)(dy” + A du®) | (5.29)
where

Quu + g[JA{)AQ{ =U ,  Gov +g[JA£A1{ =2UV ,  Guu —|—g]JA£A1{ =0
gJ[A;{ =Umg , gJ[A;)] =Un;+UVm; ,  gr1jg = ’YIJ+2UH(IWJ) , (5.30)

and gup, 917, AL depend on all coordinates u?, 4y, ((u®) = (u,v)). The components Al can
be thought of as the non-linear connection of the family.

The spacetime admits an integrable distribution of co-dimension eight. To see this, we
adapt a frame

, BT, E'=¢&(dy’ + Aldub) (5.31)

to the metric (5-29), where E*, E~ is a light-cone frame adapted to the two-dimensional
part of the metric, ggpdu®du® = 2E~E*, and 5ijéi 7677 = grs. Applying the Frobenius

8The family is trivial with respect to one of the two parameters.
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theorem to the one-forms ET, E~, one can easily show that the spacetime is an integrable
foliation of co-dimension eight with leaves the deformed manifold B given by u,v = const.

It remains to determine the geometry of B that gets deformed. It is clear that B is a
Riemannian manifold with metric d3? = g7 dy’ dy:] equipped with a three-form H = H |B.
So one can construct a Riemannian connection V on B with torsion H. In addition B
admits a Spin(7)-invariant form ¢ = ¢|p. However these data are not compatible, i.e. in
general %(25 # 0. To see this, observe that

et =0;(E'"+pEt +4¢'E7) (5.32)

for some non-vanishing p and ¢, detl # 0, and similarly for the rest components of the
frame. This in particular implies that the self-dual four form ¢ in the (E?, E*, E~) frame
has components in the £ and E~ directions. Taking the covariant derivative of ¢, i.e. @i(ﬁ,
one get contributions from V;Et = —QﬁjEj , and similarly from V;E~, which can be
identified with the second fundamental form of B with respect to the connection V. Since
these contributions d? not apparently vanish, @ié = 0, see (), after restriction to B
does not imply that V;¢ = 0. Therefore B does not have a Spin(7) structure compatible
with the connection V. Nevertheless, B admits a Spin(7)-structure.

) There is though a special case where the Spin(7)-structure of B is compatible with the
V connection. This is whenever the rotation of the null @—parallel vector field vanishes,

drk = de™ = 0, i.e. the metric is written in terms of Penrose coordinates. In this case, the
(e”,et,e') and (E—, E*, E) frames are related as

e =E", e —ne'=E", =FE -n'E". (5.33)

Then ¢ = %qﬁzjklei Ael AeF el can be written as ¢ = + E~ AT, where ¢ = %gbijklEi A
E7 A EF A E'. Thus we have

(Vio)|p = Vio + (ViE7)|p ATlp = Vig =0 (5.34)

because V;E~ = Ve~ = —Qi,JrAEA = 0, since QANLB =0, Ef|g = E7|g =0, and ¢
is parallel with respect to V along the B directions, see (L), where ¢ = ¢|p = ¢|5. In
addition B is conformally balanced. This is because the dilatino Killing spinors equation
(p-17) when restricted on B gives

0; = 20;® (5.35)

since the rotation of the vector field vanishes. Eight-dimensional Riemannian manifolds
with a conformally balanced Spin(7)-structure compatible with a connection with skew-
symmetric torsion have been investigated in [P4]. Any eight-dimensional Riemannian man-
ifold with a Spin(7)-structure admits a connection with skew-symmetric torsion

H=—%dp+*0N), (5.36)

where the Lee form can also be written as § = —% * (xd¢ N ¢) and * is the Hodge duality
operator of B for dvol(B) = é* A... ANE* ANEC A ... A& Note that & = ¢f|g = E'|p.
Our form conventions are summarized in appendix [A]. Of course the torsion is required to
satisfy the (generalized) Bianchi identity for applications to the heterotic string.
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The geometry of B can also be given in terms of G-structures. It is known that there
are four classes of Spin(7)-structures obtained by decomposing V¢ in terms of Spin(7)
representations [f]]. These classes can be described in terms of the Lee form [7] as
follows: Wy (d¢ = 0), Wi (6 = 0), Wa (dp = S0 A ¢) and W = Wy & Wa. The only
restriction that we find on the Spin(7)-structure of B arising from supersymmetry is that
it is conformally balanced, i.e. 6 = 2d®. These geometries are in the same conformal
class as those of the Wy Spin(7)-structure. To see this, observe that under the conformal
transformation ds3 = eX2d52, the four-forms changes as ¢ = ¢**$. Then the Lee form
of (d3d, ¢?) can be written in terms of the Lee form of (d52, ¢) as 6 = + 13—4dQ. Thus
6 =0 for Q = —%‘i and so (d33, ¢) , is in the W class.

5.3 Field equations

It is straightforward to derive the field equations that follow as the integrability conditions
of the Killing spinor equations. In this way, we find the minimal set of field equations that
need to be solved in addition to solving the Killing spinor equations. For the case at hand,
we find that the integrability conditions of the Killing spinor equations give

Eiy = E+1a =0,
E_, = —562¢LH_+ :

1 1 1
E_, = _562‘1’LH,Q + §BH,MV — EGQWWSBH,

M17293
| 1 555
Eaﬁ — —EEQVI’Y2VSBH571,72§3 _ E6571y273B‘H0f¥1;{2:¥3 ,
1 1 555 1
Eag = _§BH045’YPY B EGQVWMSBHB”YI%”YS N EGBMWMSBH‘WWWB )
LH ., =0,

1 _
62¢LH041042 = _56041042516231{—4-3132 >

1 oas 1
29
e LH&B = _BH*JraB + Efa%w%Bngyl:,ﬂS _ EEB%WWSBHO"YWWS ,
LF, =0,
1 -
62¢LF04 = _BF_+a + BFOW“/ _ 3604’71“/2’733}7&1%?3 ,

Lo = %62¢LH,+ + iBH,ﬂ(;‘S + iﬁl“%BH:ﬂ...% + ie%"%BH%___M . (5.37)
In addition, the Bianchi identities satisfy
BFyo® =0, BFiqa, = %ealaﬁ@m;@ 5, (5.38)
and

BHia 0505 = BH

1
BH,

) A——
ajoey = 26041042

1 _
taraf BH_,"=0, BH_i4a,= 55041@251623]{_4—5132 )

PBBHg 5.7, €V BHy . q, — € BHyy 0, = 0. (5.39)

It is significant to see that the Bianchi identities are restricted. This effects the consistency
of the theory when the heterotic anomaly and the higher order corrections are considered.
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However, if one works at the lowest order, one can impose the Bianchi identities, BH =
BF = 0. In such a case, all field equations are implied provided that in addition one
imposes? E__ =0, LH_4 =0 and LF_ = 0.

6. N =2 backgrounds with SU(4) x R® invariant spinors

6.1 Supersymmetry conditions

We have shown in section | that the SU(4) x R8-invariant Killing spinors can be written
as

€1 = f(1+e1234) ,
€2 = g1(1 4 e1234) +ig2(1 — e1234) . (6.1)

The Killing spinors equations for the first spinor have been investigated in the previous
section. The gravitino Killing spinor equation for the second spinor can be written as

95 L9104 10g(g1 F (1 + e1234) + 704 log ga(1 — e1234) + iVa(l—e13) =0. (6.2)

This equation can be expanded in the basis given in (A.9). In particular, the components

along the 1 and eq034 directions are

_ _ . T A 7 A
93 'q10alog(g1 f 1) +i0alog ga + §QA,aO‘ + §QA,—+ =0,

_ _ . 1 ~
95 9104 l0g(g1 /") — iDalog ga + 5 Q0" = 50,1 = 0. (6.3)

These in turn imply that

dalog(gif™H) =0,
h=0o.

Oalog(gaf™) (6.4)

To derive the latter, we have also used the equation that we have obtained for f in the
N =1 case. Since the Killing spinors are specified up to a constant scale, they can be
written as

€1 = f(1+e1234)
€o = flcos (1 + e1934) + isin (1 — e1934)] (6.5)

where ¢ is a constant angle. The spinors €; and €3 must be linearly independent and so the
angle ¢ should satisfy sin ¢ # 0. The remaining conditions for the second Killing spinor are
as those we have derived for the N = 1 case with the difference that the terms proportional
to the Levi-Civita tensor epsilon have an additional relative minus sign. Combining, the
conditions we have derived for the ¢; Killing spinors with those of the €5 Killing spinors, we
find that the independent conditions associated with the gravitino Killing spinor equation

9The set of field equations that should be imposed in addition to the Killing spinor equations is not
uniquely defined.
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are

1.
Oalog f + §QA,_+ =0, (6.6)
Qpag=Qua® =0, (6.7)
QA7+07 - QA,JrCV - 0 . (68)

It remains to find the conditions that arise from the dilatino Killing spinor equation. We
have already computed the dilatino Killing spinor equation on the spinor ¢; in the previous
section. So it remains to find the conditions for €. It is straightforward to observe using
the results we have derived for the dilatino Killing spinor equation of €; that it suffices
to compute the dilatino Killing spinor equation on 1 — ej234. In turn the conditions that
arise can be easily read from those on ¢;. The only difference is a relative minus sign for
the terms proportional to the Levi-Civita tensor epsilon. Combining the conditions for the
dilatino Killing spinor equation for both €¢; and ey spinors, we find that

1 1
a@q) - §H& B - §H,+5[ == 0 B (69)
Hz 5,5, =0, (6.10)
0, =0, (6.11)
H+a,a - 0 B H+a,1a,2 - 0 (612)

This concludes the analysis of the Killing spinor equations.

6.2 Geometry
6.2.1 Holonomy of V connection and supersymmetry

Applying the general arguments presented in [[.] to this case, one expects that the gravitino
Killing spinor equation implies that the holonomy of the V connection is contained in
SU(4) x R®. This can be explicitly seen in the gauge f = 1. This gauge can be attained
by using the Spin(9,1) gauge transformation e’™ for b = log|f| as in the Spin(7) x RS
case that we have already investigated. In the gauge f = 1, one has

Qs =0, (6.13)

which together with (B.§) imply that all the components of O A+B = 0. It is then easy to
see that the remaining components of the connection one-form, Q) = Que?, take values in
su(4) ®s R®. In the presence of fluxes, the Levi-Civita connection of these backgrounds
does not have SU(4) x R® holonomy.

We have seen above that we can choose f = 1. In addition, the angle that the Killing
spinors (6.4) depend on can be eliminated with a constant GL(2,R) transformation. So
the Killing spinors can be written as e; = 1 + ej234 and eg = (1 — e1234). This is in
agreement with the general arguments we have presented in section that in the heterotic
supergravity the Killing spinors can always be chosen to be constant.

,26,



A converse statement is also valid. If hol(V) C SU(4) x RS, there are spinors €1, e
which are parallel with respect to V and so they satisfy the gravitino Killing spinor equa-
tion. Thus the existence of a solution for the gravitino Killing spinor equation can be
entirely characterized by the holonomy of V.

To investigate further the geometry of spacetime, it is convenient to introduce the
@—parallel forms associated with the parallel spinor bilinears. It turns out that most of the
fluxes and geometry can be expressed in terms of these bilinears.

6.2.2 Geometry and spacetime forms bilinears

The @—parallel forms associated with the spinor pair (e, €1) have already been computed
and can be found in the previous section. To compute the forms associated with the spinor
pairs (eg, €2) and (€1, €2), we write the metric as in (f.13), i.e.

ds® = 2eTe™ + 25(1360‘66. (6.14)

Then, after a normalization of the spinors (6.§) with 1/v/2, we find the one-forms!©

H(GQ,EQ) = —f e
r(e1,€2) = —f2cospe (6.15)
a three-form
E(e1,69) = —f2 sinpe” Aw , (6.16)

and two five-forms
. 1
T(e2,€2) = —f*e” A[Re(e*¥x) — WA w]

7(e1,62) = —f*e” ARe[e"(x — %w Aw)], (6.17)

where w = —id, 5% A ¥ and x =4e! Ae? Ae? Aet. The above forms can be simplified in
the gauge f =1, cosp = 0, sinyp = 1. It can be easily seen that if ¢; and ey are linearly
independent, i.e. sin ¢ # 0, the ring of spacetime form bilinears is generated by x = f2e™,
E=kKAw, 7 =KkAwAwand 5 = k A x. This ring is nilpotent as in the Spin(7) x R®
case and

Ve=VE=Vr =V =0, (6.18)

i.e. k, &, 7 and 7o are parallel with respect to the connection V. As we have already
mentioned, the condition Vi = 0 implies that the one-form « is associated to a null Killing
vector field X and dk —ixH = 0. The condition (.12) which arises from the dilatino
Killing spinor equation gives that the two-form ix H takes values in su(4) @, R®. This in
turn implies that X preserves the SU(4) x R® structure, i.e.

Lx=0, Lxm1=0, Lxm=0. (6.19)

In addition (p.11]) implies that the dilaton is invariant under the diffeomorphisms generated
by X.

10We have made an additional normalization of the spinor bilinears with a factor of v/2.
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6.2.3 Solution of the Killing spinor equations

The conditions arising from the parallel transport equation imply that V has holonomy
contained in SU(4) x R®. The decomposition of the fluxes in SU(4) x R® representations
is manifest in this case. Nevertheless observe that under SU(4) the space of two-forms
decomposes as A2 (R8)®(C = A%’O@Ag’z @Ai’l@l\i’; and the space of three-forms decomposes
as A3(R®) @ C = AY @ AY? @ A%’& ® A;’g & A2 @ AL?. Using these, in the gauge f = 1,
the conditions that arise from gravitino Killing spinor equations can be written as

Qapp=0, O3, =052 =0, Q};=0 (6.20)
and, similarly, the conditions that arise from the dilatino Killing spinor equations can be
written as

0,0=0, 209-6;-H =0, Hj =H3=0,
Hi;=0, Hpj=H{ =0, (6.21)

where the restriction to representations of SU(4) is referred to the 4, j, k indices, € is the

Lee form
HZ- = —kakjfjl' 5 (622)

and the endomorphism I is defined by w;; = gl kj. To rewrite the conditions that arise
from the dilatino Killing spinor equation in terms of the Lee form, we have used @ijk = 0.

The conditions (B.20) and (.21)) can be solved to express the fluxes in terms of the
geometry. As we have mentioned already, the first condition in (p.20) implies that ix H =

dk. The remaining conditions imply that \Y, Aw;j = 0 and \Y, AXijki = 0. The former
condition implies that

ﬁ_wij =0 s @,wjk =0. (6.23)

. . 3,0 03 .
These two equations can be solved using, Hijk = Hijk =0, to give

Hfij — H_kllkiflj = —ZImiV,wmj 5
Hiji = =3I ;(Vjwim + Vimwik] — Viwjjm) - (6.24)

In addition V_ x = 0 gives

H_,* XN X - (6.25)

=i X
Therefore all the fluxes apart from HE’] are determined in terms of the geometry and
the form Killing spinor bilinears. Of course the remaining conditions impose additional
restrictions on the metric and torsion. In particular, the component of H in Ai’l is related
to the Lee form 6 and so to the derivative of the dilaton.

Therefore, the metric and torsion can be written as

ds® = 2¢7et + 5ijeiej ,

1 ; ) 1 ) )
H=¢e"ANdk — §Imiv,wmj e Ne' Nel — mlm(iklmnv,xklmn) wije” Ne' Nel
1 . ) 1 ) ) ’
+§H1‘;’j e"Ne' Ne' + gHijkel Ael AeF (6.26)

where H;ji is given in the second equation of (5.24) and dk takes values in su(4) @ R®.
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6.2.4 Local coordinates, distributions and a deformation family

Using similar arguments to those we have presented for the Spin(7) x R® case and intro-

ducing coordinates along the null Killing vector X = 8%, we can write the spacetime metric
in the gauge f =1 as

ds?® = 2(dv +mydy")(du + Vdv + nrdy") + yrpdy*dy” (6.27)
where all the components are functions of v,y! and ixH = de” = dm. In addition the

second equation in (6.13) implies that dm takes values in su(4) @, R, The coordinate v
can also be introduced as in the Spin(7) x R® case. One can adapt a frame to the above
metric as in (f.23).

Another aspect of the geometry of the spacetime is that it admits two integrable
distributions of codimension five. These are spanned by the the one forms (e™,e“) and
(e7,e%). This can be seen by using the conditions that arise from the gravitino and
dilatino Killing spinor equations. This implies that the spacetime admits a “Lorentzian”
holomorphic structure. In fact, most of the conditions that arise from the dilatino Killing
spinor equation are implied by the integrability of these distributions.

As in the case of a Spin(7) x R8-invariant spinor, the spacetime can be thought of as a
two parameter deformation family of an eight-dimensional manifold B. The metric (6.27)
can be written as the metric on the family by introducing a non-linear connection A whose
components are related to m and n as in (f.30). It remains to investigate the geometry of
B. We adapt a frame E4 to the metric of the family as in (5.31]) and define the spacetime
metric d3? = ds?|p, H = H|p, @ = w|p and ¥ = x|p on B. However, as in the Spin(7)
case, the forms @ and ¥ are not always parallel with respect to the connection V of B with
torsion H. Therefore although B has an SU (4)-structure, it is not compatible with the
connection V.

There is a special case where the SU(4)-structure of B is compatible with the connec-

tion V. This appears whenever the rotation of the the null parallel vector field X vanishes,
i.e. when dx = de” = 0. Using the relation (f.33) between the frames (e™,e",e?) and
(E-,E*, E%), and arguments similar to those of the Spin(7) case, one can show that B is
a conformally balanced KT manifold equipped with a compatible SU(4) structure, i.e. AB
is complex,!! & and ¥ define an SU(4)-structure and they are parallel with respect to Vv,
ie. Vo =0 and Vy = 0, and that

6 =2do , (6.28)

where § = — % (xdw A @) is the Lee form of B and x is the Hodge duality operator on
B associated with the volume form dvol(B) = é' A ... Aé* A& A ... A& Note that
&' = e'|p = E'|g. One can show that B is a complex submanifold of the Lorentzian holo-
morphic manifold M by using the integrable distributions (e~,e®) and (e, e®) mentioned

HNote that there are two-dimensional sigma models with extended world-volume supersymmetry and
target spaces which are almost complex manifolds [E]
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above. It turns out that all 2n-dimensional manifolds with an SU (n)-structure and skew-
symmetric Nijenhuis tensor admit a compatible connection with skew-symmetric torsion.
In particular, the torsion of the eight-dimensional manifold B is given as

ﬁ[:—z‘fda):*(dew)—%*(ém:mw). (6.29)
Examples of such manifolds have been given in [f, [§, [, [g]. Of course for applications
to the heterotic string one has to impose the (generalized) Bianchi identity for H.

The geometry of B can also be described using G-structures. The SU (4)-structures
on an eight-dimensional manifold can be found by decomposing V& and V¥ in irreducible
SU(4) representations. In the decomposition of V& and V¥ five irreducible SU(4) rep-
resentations appear labelled by Wi,..., Ws, so there are 2° SU(4)-structures. One can
also recover these representations in the decomposition of do and dy. In particular, one
can show that do3? and dx3’2 determine @ad)gw and correspond to the Wy and W5 classes
respectively. The traceless part of do?! is associated with the W3 class and determines
the traceless part of of Vawg,. Furthermore the trace part of do*>! and the trace part
of dy*! determine the trace parts of @&@Bw and @5&)251,,,;34, respectively, and are associ-
ated with the W, and W5 classes. The classes Wy and Wy are characterized by the Lee
forms 0 and éRe)Z of @ and Re(x), respectively. The Lee form 05 has been given below
6:29), 05 = 0, and the Lee form of Rey is defined as frey = —2 % (xdRex A Rex). The
remaining components of V& and Vy vanish. The above is a generalization of the results
of [[] for the SU(3) case, see also [i4]. The further generalization to all SU(n)-structures
is straightforward. Returning to the geometry of the deformed manifold B, since B is
complex, W7 = Wy = 0. In addition, one can show that

> = Opey = 24P . (6.30)

This condition is reminiscent to a condition found in [[J] in the context of R®! x X
heterotic string backgrounds, where Xg has an SU(3)-structure.

6.3 Field equations

As was explained for the N = 1 case, it is straightforward to derive the field equations that
are implied from the integrability conditions of the Killing spinor equations. In particular,
we find for the case with SU(4) x R® invariant spinors that

Eiy =FEia=FEp=0,
1
E_, = —562‘1’LH,+ ,

1 1
E , = —iqu)LH,a +5BH o),
I

EO‘B = _§BHO(BV'Y 3

LHio = LHu 0, =0,
e*®LH,53 = —BH_, 3,

LF, =0,

e**LF, = ~BF_1,+ BF,,” ,
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1 1
Lo = 5eQ‘I’LH_+ + ZBHW(;‘S. (6.31)

In addition, the Bianchi identities satisfy
BFJraa = BFJralag = BFalagag =0, (632)
and

BH*alazas = BH+ala2a3 = BH+
BH, asa30, = BH = BH

0410!20!3,3 ala23132 =0.

- BH7+a1a2 - BH7+»YA/ =0 5

ajazf

(6.33)

As can be seen from the conditions above, if we choose to impose the Bianchi identities
BF = BH = 0, the only field equations that remain to be solved are E__ =0, LH_4 =0
and LF_ = 0.

7. N =2 with (G5 invariant spinors

7.1 Supersymmetry conditions

The two Killing spinors can be chosen as, see section [3,

e1 = f(1+ewss), € =gles + ems). (7.1)

We have already derived the conditions required for €; to be a Killing spinor when we
investigated the backgrounds with one supersymmetry. Therefore it remains to derive the
conditions for e to be a Killing spinor. After some computation, the gravitino Killing
spinor equation gives

Qa1=0, Qa4 _n=0, (7.2)

14 1r , 14
Oalogg — a1+ 50an" — 50—+ =0, (7.3)
Qam — §QA,mepmﬁ =0, (7.4)

14 A I
Oalogg+ 50411 — 50an" — 5044+ =0, (7.5)
where m,n,p,q,... = 2,3,4 and €,np = €1mnp. In addition, the dilatino Killing spinor

equation gives
20+ H_ 1—H_," =0, (7.6)
20 —-H_1+H_," =0, (7.7)
2H 1+ H_ppe™ s =0, (7.8)
1
—201® + Hy,," — H - anpmenpm =0, (79)
1 1 p 1 1 m

3ﬁ<1> —|— §Hliﬁ — §Hﬁp + §H_+ﬁ — §Hpmi€ n — O . (710)
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Comparing the above equations with those derived for the €; Killing spinor, we find that
the parallel transport equation gives

dxlog f + %QA,*+ =0, (7.11)
Oalog fg=10, (7.12)
Qal =0, (7.13)
Qan" =0, (7.14)
Qra=04-a=0, a,B=1234, (7.15)
Vaap = EQA,WSEV 3 (7.16)
QA,M = —QA,Iﬁ ) (7 17)

and the dilatino Killing spinor equation gives

D,.® =00 = (8, 4+0;)d=0, (7.18)
0P = —%Hﬁﬁmeﬁﬁm + %anmenpm : (7.19)
O0n® = —% alp + %Hipmepmﬁ — %Hlpmepmﬁ ) (7.20)
H,.* =0, (7.21)
H, a5 = % 11055 5 (7.22)
H_ 1 =H.,", (7.23)
H oy = —%H,pmepmﬁ , (7.24)
H_.i=Hi"y— éanme"Pm - %Hﬁmeﬁm : (7.25)
H ;= %Hlpmepmﬁ + %Hipmepmﬁ — H;i1. (7.26)

This concludes the analysis of the Killing spinor equations. In the remainder of the section,
we shall investigate the geometry of the backgrounds with G2 invariant spinors.

7.1.1 Holonomy of V connection

The gravitino Killing spinor equation implies that the holonomy of the connection V is
contained in Gy, which is the stability subgroup of the spinors (7.1) in Spin(9,1). One
can also see this explicitly. This is easily done in the gauge f = 1. As in the previous
cases we have already investigated, this gauge can be attained by the Spin(9,1) gauge
transformation e’ for b = log |f|. Then ([-13) implies that ¢ is also constant and so it
can be chosen as g = 1. In the gauge f = g = 1, one has

Q. =0, (7.27)
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which together with ([7.15) imply that all the components of O A+B = 0. It is then easy
to see that ([.19)-(7.17) imply that the remaining components of the connection one-form,
Q=20 €2, take values in go. The Levi-Civita connection does not have Gy holonomy.
The analysis of the geometry of supersymmetric backgrounds with G5 invariant spinors
simplifies in the gauge f =g = 1.

Conversely, if the connection V has holonomy contained in G, then there are spinors
€1 = 1+ ejo34 and €3 = (e15 + €2345), up to a Spin(9,1) gauge transformation, which
are parallel with respect to V. Therefore the holonomy of \Y completely characterizes the
solution of the gravitino Killing spinor equation.

7.1.2 Spacetime form bilinears

To proceed further in the investigation of the geometry, we compute the spacetime forms
associated with the Killing spinor bilinears. The spacetime forms of €; have already been
described in the previous sections. It remains to compute the forms associated with the
spinor pairs (eg,e2) and (e1,€e2). In particular after an additional normalization of the
spinors, we find the one-forms

kel e2) = —e' | Kleg,e0) = e’ +€° | (7.28)
the three-form
E(er,e2) =Rex + e A0 —eOnel NeD (7.29)
and the five-forms
T(€1,€2) = —Re)Z/\eO/\eS—i—Im)Z/\el/\66+%el/\d)/\d)—d)/\eo/\e5/\e6
7(e2,€62) = —(e2 +€) A [e! ARex + €5 ATmx + %d) ANO+oONe Ned] (7.30)

in the gauge f = g = 1. Unlike the previous cases we have investigated, the ring of
invariant forms is not nilpotent. It is generated by the one-forms x = e~ ,x’ = e and
1

- Lol o ol : :
R=e = %(e +¢'), the Gy invariant form

p=Rex+eSnw, (7.31)

and its dual xp, where the Hodge operator is taken with respect to the volume form
e2NneSNet NeSAeT AeB Aed.
11

The one-forms k = e, k' = e and & = e! = 2(61 + ei), in the gauge f =g =1, are

<5

associated with the Killing vector fields X = e;,Y = e_ and Z = ey, respectively. This
follows from the conditions QA,JFB = QA,,B = QAJB + QA,iB = 0 which summarize ([7.11),
([718) and (F.17), in the gauge f = g = 1, and the skew-symmetry of the torsion H. The

commutators of these Killing vector fields are

[X’ Y] = _HA+76A
[X,Z] = —H" 14
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[V, Z] = —H"_je4. (7.32)

The components of the torsion which appear in ([.32) are not required to vanish by the
Killing spinor equations. So the above commutators do not vanish and therefore the Killing
vector fields do not necessarily commute. As we have shown in [L.3, if two vector fields
X,Y are @—parallel their commutator [X,Y] is @—parallel as well. So if the commutators
of X,Y, Z are independent vector fields, then the spacetime admits up to six parallel vector
fields not counting the further commutators that one can construct. So there is a large class
of geometries that can occur ranging from a spacetime with three commuting Killing vector
fields X, Y, Z to a spacetime that is a Lorentzian Lie group of dimension ten equipped with
a left-invariant metric g and a left-invariant closed three form H. We shall not attempt to
investigate the full range of possibilities. Instead, we shall focus on the case for which the
vector fields X, Y and Z span a Lie algebra under the commutators ([7.32).

7.1.3 Backgrounds with three isometries and supersymmetry conditions

Let b be the Lie algebra spanned by X,Y and Z. Then [h,h| C h implies that
Heri :Hfli:HJrli =0, iajakvl :2,354’657’859' (733)

Therefore the structure constants of the Lie algebra are given by the H_,; component of
the torsion. Since H is a three-form, b can be either isomorphic to u(1) @ u(1) & u(1), if
H_; =0, or isomorphic to sl(2,R), if H_; # 0. The analysis can be done for both cases
simultaneously.

First consider the consequences of ([-33) on the gravitino Killing spinor equation. It
is straightforward to find that ([.11)-(7.17) can be rewritten as

Quap=0, Q%,;=0, a=—,+1, (7.34)
where we have used the decomposition of A2(R7) = A2 @ A3, under Gy,

A2 = {x(xp A )| a € AL (RT)}
Ay = {a e A’(RT)| x(pAa) = —a} (7.35)

and A2, can be identified with the Lie algebra g of Go. Similarly, using [T33), the

conditions implied by the dilatino Killing spinor equation can be rewritten as

0, P=0_D=09 =0,
ixHf =iyHS =izH} =0,

1 :
0;® + Eijz * ™ =0,
Hynp* = 0. (7.36)
The second equation in ([.36) implies that (ix H);j, (iv H);; and (izH);; take values in go.

This together with ([7.33) imply that X, Y and Z leave invariant the forms ¢ and its dual
*p, i.e.

Lxp=Lyp=Lzp=0, (7.37)
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and similarly for xp. The last equation in ([7.36) implies that the structure constants of h
can be identified with the singlet of H under the G5 decomposition A3(R”) = A3DASDAS,,
where

A} = {ro|r eR},
A7 = {x(pNa)|a e AYRT)},
Adr = {a e BBRN|aNp=0, aAxp=0}={se S3R7)|tr(s) =0}. (7.38)

In addition the seven-dimensional component of H in the above decomposition is identified
with the exterior derivative of the dilaton.

7.1.4 The solution of the Killing spinor equations

The space of supersymmetric backgrounds with G invariant spinors is (locally) a principal
bundle P equipped with a connection A\. To see this, we again assume that the algebra
h spanned by the vector fields'?> X,Y and Z closes under Lie brackets and consider a Lie
group H with Lie algebra . Then the spacetime M = P(H, B, ), where the base space
B is the space of orbits of H in M and 7 is the projection of P onto B. It remains to
determine the connection A. This is identified with the components of the frame e along
the X,Y and Z directions, i.e.

A =e. (7.39)

One can immediately see that A satisfies the requirements of a connection, i.e. A*(X}) =
e’(Xp) = 0% where {Xp,b = +,—-1} = {X,Y,Z}, and Lx, \* = H%\°, where Hg.
are interpreted as the structure constants of h. The latter is the infinitesimal expression
of the requirement that RjA = Ady,-1A, g € H, of a principal bundle connection, see
e.g. [14]. Then the tangent bundle decomposes into the vertical and horizonal subspaces,
TM =TP =T"P & ThP, where TUP is spanned by the vector field X,Y and Z and T"P
is (locally) spanned by the dual vector fields of the e/ components of the frame because
X (e;) = gMNe ey = 0.

To determine the Cartan structure equations for this connection, we use the conditions

([7-36) to write (7.34) as

1
Qa,bc - §Habc =0, Qi,ab =0, Qa,bi =0, QZ@]‘ =0, Q(i,j)a =0,
QZ,Z']' =0 ’ QIZ,Z] =0 ) (740)

where the restriction to the seven-dimensional representation is referred to the 7, 7 indices.
These in turn give rise to the torsion free conditions

de® + Qb,“ceb A e+ Qi,“jei ANel =0,
de" + ;" el A ek + Qy"je" Ned + ijae] ANe* =0. (7.41)

The first torsion free condition rewritten in terms of H can be interpreted as the Cartan

structure equation for the connection A. In particular, we have

1 1 o
dv—aﬁ%vAv—aﬂwdAd:o. (7.42)

12These vector fields do not have fixed points because they are V-parallel and so they cannot vanish.
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Since the curvature F of a principal bundle connection A is identified with the horizontal
part of dA, we find that

1 . .
Fo = §Haijel Nel. (743)

In addition the condition ([[-3@), part of which can also be written as H_,

aij

that the curvature F° is that of a gs type of instanton on B with gauge Lie algebra s[(2,R)

= 0, implies

or u(1) @ u(1) @ u(1). In terms of these principal bundle data, the metric ds* and torsion
H of spacetime can be written as

ds® = N\ + 7% ds?
1 2 N
H = Z1apA™ A A\’ + 3abA” A F 4+ H (7.44)

where d5? and H is a metric and a three-form on B and horizontally lifted to P with =,
respectively.

It remains to determine the geometry of the base space B of the principal bundle. B is
equipped with a metric d3% = 5Z-jeiej |p and a three-form H which is the horizontal part of
H. Note that dH # 0. In addition it is equipped with a Gs-invariant t}}ree—form @ such that
¢ = m*@. This is because ¢ is horizontal and L,¢ = 0. Furthermore V¢ = 0 which follows
from @gp = 0. Therefore B is a Riemannian manifold equipped with a metric connection

with skew-symmetric torsion and hol(V) C Gy and thus admits a Ga-structure. It has
been shown in [23 that any seven-dimensional manifold with an integrable Ga-structure

admits a unique metric connection V with torsion a three-form

~ 1
H= —é(dcﬁ, *P) @+ *xdp — *(O N @) (7.45)

such that hol(V) C Go, where
~ 1
0= —g* (xd@ A @) (7.46)

is the Lee-form and dvol(B) = e2 Ae3 Aet Aeb Ae” Aed Ae’. An integrable Ga-structure
satisfies d « = —0 A x@. In addition the third condition in (7:3§) can be rewritten as

6 = 2d® (7.47)

and so B is conformally balanced. If h = u(1) & u(1l) @ u(1), then the last condition
implies that the singlet H' of H in the decomposition A3(R”) = A3 ® A3 @ A3, vanishes,
H?' = 0. This implies that d is orthogonal to x@. These are precisely the manifolds with
Go-structures investigated in the context of supersymmetric backgrounds in [23]. Moreover
it can be shown that these Ga-structures are conformally equivalent to cocalibrated Go-
structures of pure Ws type.'® However, if h = s[(2,R), then H' is identified with the
structure constants of s[(2,R) and so H' # 0.

BThe covariant derivative @4,5 can be decomposed into four irreducible G2 representations Wi, Wa, W3
and W, which are determined by dp and d* ¢ @], see also @] So there are sixteen Ga-structures on a
seven-dimensional manifold.
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To summarize, the solution of the Killing spinor equations for the backgrounds that we
have investigated above can be described as follows: The spacetime is (locally) a principal
bundle P(H, B,7). The group H of the fibre has Lie algebra either u(1) & u(1) & u(1)
or sl(2,R), and P is equipped with a connection A whose curvature F is a go instanton.
The base space B is a seYen—dimensional manifold equipped with a metric connection with
skew-symmetric torsion V and hol(V) C G and the associated Gy structure is conformally
balanced, i.e. it satisfies the conditions d @ = —0 A %% and § = 2d®. The metric and
torsion are given by ([[.44), and the dilaton ® is a function of B. If in addition H is abelian,
then (dg, *@) = 0.

Using the description of the geometry of spacetime in terms of principal bundle data,
we can write the exterior derivative of the torsion

dH = 1y F* N F° + 7% dH . (7.48)

The first term in the right-hand-side of dH can be recognized as a representative of the first
Pontrjagin class of the principal bundle P. Therefore the non-horizontal part of H is the
form that trivializes the first Pontrjagin class of P on the bundle space. If one requires that
dH = 0, then the representative of the first Pontrjagin class of P should cancel against the
contribution from the base space B. Of course if P is a globally defined principal bundle
over B, then the condition dH = 0 implies that the first Pontrjagin form is exact and
therefore the first Pontrjagin class of the principal bundle should vanish. Observe that it
is not required that dH = 0.

7.2 Field equations

7.2.1 Integrability conditions

We shall demonstrate that if the Bianchi identities of H and F' are satisfied, then the
Killing spinor equations imply all the field equations. To see this, one can show that the
integrability conditions of the Killing spinor equations imply

1
E Aa=FEx=0, En=-E;= —§BHn1mm )
1 .- 1 -
En = —-Ejg = EenmeHiﬁpm v By = _§€(nquHp)1mq )

1 1 1 - 1
Enﬁ = —gBH__’_nﬁ —_ gBHnﬁ mo_ ZﬁnquHﬁmql + ZeﬁquHnmql 5

LH 4 =LHis=LHia=0, €e*LH,,=BHupm™ — € BH;1,%,
1 .- 1
qu)LHnﬁ = BH——i—nﬁ — §€nquHI§mq1 — §€I7quHnmqi s
LF =LF, =0, 62<1>LFn1 = BF_4, + BFE,,) — BE,11 — ,""BFy; ,
e?*LF, = BF__; — BF;," — geﬁmﬁBFﬁmp ,
1 1
Lo = ZBHp”mm + ge"meHlnpm (7.49)

and

BF_,; = BF_,", BF,;j=—BF.,",
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BF_ 1 —BF_ 1 — {BFM" — BFinnlz 0,

BF_,y — BF,," + éenmeanm + EenmeFﬁﬁm =0,
BF_,; = %enﬁmBF_ﬁm , BFy, = —%enﬁmBF+ﬁm ,
BF_,, — BF, 1 — %enﬁmBFﬁmi - %enﬁmBFﬁml =0,
BH_spc = BHyapc = BH,;;1 = BHy1," =0,

eﬁﬁmBHiﬁpm = €"""BHppm = —eﬁﬁmBHlmgm ,

%eﬁquHnﬁmq = BH," = —BH,;,” |

BH {5+ ienquHmmq + ienquHﬁlmq - ieﬁquHnmqi - ieﬁquH"mql =0,
BH_ynp+ BH, 1 — %eﬁquHnmqi - %eﬁWBHnmql —0. (7.50)

In the above conditions, we have not imposed the Bianchi identity BH of H. In the order
of o/ that we are working BH = dH = 0 and so there is no contribution from the Bianchi
identities. But in the next order up in o/, the above integrability conditions are believed to
hold but dH # 0. As a result some of the field equations that are derived in the one-loop
sigma model approximation can be expressed in terms of dH. This has been used in [[L(]
to investigate heterotic backgrounds taking into account the two-loop and higher order
corrections to the field equations.

If we take BH = BF = 0, the integrability conditions above imply all field equations.
In the absence of the gauge field A, the only Bianchi identity that has to be imposed is
that of H. This has been computed in (7.4§). We shall explore this to give examples of
some supersymmetric backgrounds.

7.2.2 Examples

As an example, let us consider the case where h = u(1) @ u(1) ® u(1). Then
A =dz®" + A° (7.51)
and so

ds? = nap(dz® + A% (da® + A°) + 8¢l |
H = ngy(dz® + A NdA® + n*H . (7.52)

If one requires closure of H and choose H= —napA* A dAY + Hp, then
H = ngdz® ANdA® + Hp | (7.53)

where Hp is a three-form on B such that dHg = 0. Clearly dH = 0. Within a brane
interpretation of these solutions, the connection A° along the time direction is thought of
as rotation while the remaining connections are thought of as wrapping.

A special case of this example is whenever the only non-vanishing rotation and wrap-

ping is a along a null direction. In this case, the Chern-Simons form contribution vanishes.
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Thus one can set H = Hp. Such kind of solutions have been consider before'* in [fd]. The
metric and torsion are

ds* = 2dv(du + A) + da* + §;e'el |
H =2dvANdA+ Hp. (7.54)

In such a case, the base space B is a conformally balanced Riemannian manifold equipped
with a connection V with torsion a three-form H such that hol(V) C G and H is closed.

The form of dH in ([7.4§) raises the possibility of canceling the representative of the
first Pontrjagin class of P = M against the representatives first Pontrjagin classes of the
tangent bundle of M and that of the gauge bundle. This will solve the generalized Bianchi
identity of H, schematically dH ~ o/ (trR? — trF?), where dH is given in ([.4§). As we
have already mentioned consistency in this case requires that the two loop correction to
the field equations should be taken into account. Nevertheless the integrability conditions
we have derived are still valid because the gravitino, dilatino and gaugino supersymmetry
transformations are not believed to receive corrections to this order but dH # 0. A
systematic investigation of such solutions will be given elsewhere.

8. N=3 backgrounds

8.1 Supersymmetry conditions

We have shown in section ] that the three Killing spinors can be written as

e1 = f (14 eg234)
€2 = g1(1 + e1234) + ig2(1 — e1234) ,
€3 = h1(1+ e1234) + iho(1 — e1234) + ths(e12 + €34) , (8.1)

where f, g1, g2, h1, ho, hg are spacetime functions.
Using the results we have derived for backgrounds with two supersymmetries, we can
write the gravitino Killing spinor equation of €3 as

h10alog(hy f~1) (1 4 e1934) + ihoOa 10g(h292j1)(1 — €1234)
+i0ahs(e12 + e34) + thgVa(e12 +e34) = 0. (8.2)

Evaluating this equation along 1 and ej934, we find that

h10alog(hyf~") + iha0log(hagy ') — ihsQaz — ihsQaza = 0.,
h19alog(h1f") — iha0log(hagy ") + ihsQa 13 + ihsQaz: = 0 (8.3)

and using (6.4) and (B.7), we get

dalog(hif™) =0,

MQur current results correct some of the fractions of supersymmetry that have appeared in [@]
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dalog(haf™') = 0. (8.4)

The remaining conditions of the gravitino Killing spinor equations on €3 are

1~
aA IOg h3 + §QA7,+ =0 s (85)
QA,H + QA,2§ - QA,B?; - QA,421 =0, (8.6)
Qata =0, (8.7)
Qasp=—Qai3, (8.8)
Qaza = Qaiz- (8.9)
The dilatino Killing spinor equation for €3 implies the conditions
(9+<1> - 0 5
1 1 1 1
0P = —Hy3; J; 521 —1 5331 —1 o Haai —1 o +-1>
0a® = Hyza + S Hing — 5 Hazn — gHan — 5Hy a9,
1 1 1 1
05® = —Hy13 —1 §H113 —1 §H223 ‘fi §H4213 : §H+—3 )
02% = Hyig — St — g Hom + S Hym — 5Hy 3,
Hon+Hgs—Hiz3—Hi34=0,
Hogi=-Hi,
H,p=-H3,
Hizp=H1y. (8.10)

Combining the above results with the conditions we have derived for the first two Killing
spinors €1, €2, in section [6.]], the gravitino Killing spinor equations implies the conditions

dalog f + %QA7_+ =0, (8.11)
Oalog(grf~1) = dalog(hpfH) =0, r=1,2 p=1,23, (8.12)
Quta=0, a,f=1,234, (8.13)
Qa3 =0, (8.14)
QA,H + QA,2§ =0, (8.15)
QA,g?, + Q,4,44 =0, (8.16)
Qg =—a13 (8.17)
Qasa =411, (8.18)
and the dilatino Killing spinor gives
0,2 =0, (8.19)
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1 1 1
O1® = — - Hozi + 5Hos1 — 5H, 1, (8.20)
2 2 2
1 1 1
(e =SHizn+ sHis— 5H 5, (8.21)
2 2 2
1 1 1
93P =—SHys+ 5Hygs — SHy 3, (8.22)
2 2 2
1 1 1
1% = S Hyis + 5 Hazs — 5 Hy g, (8.23)
2 2 2
Hu3 =0, (8.24)
Hyzz + Hsgp + Hyq1 =0, (8.25)
—Hy35 + Hy3s + Hyz = 0, (8.26)
Hyis + Hy13 + Hyo3 =0, (8.27)
—Hy1s + Hypg + Hyp3 =0, (8.28)
H,u5=0, (8.29)
Hy1+H. =0, (8.30)
His33+H,3=0, (8.31)
H+212 = 414713, (8-32)
Hizo=H,14. (8.33)

It remains to investigate the geometric properties of N = 3 backgrounds which are implied
by the above conditions.

8.2 Geometry
8.2.1 The holonomy of V connection

As we have explained in previous cases, the holonomy of V is contained in the stability
subgroup of the Killing spinors in Spin(9,1), which in this case is Sp(2) x R®. This can
be seen explicitly in the gauge where the spacetime functions f, g, and h;, in the Killing
spinors are constant. It is clear from the supersymmetry conditions (B.13) that for this it
suffices to find a gauge Spin(9,1) transformation to set f = 1. As in previous cases, this
gauge can be attained with a Spin(9,1) gauge transformation in the direction I'g5. In this

gauge, (B:11)) implies that Q4 = 0 and so with (B:13), we have
Qarp=0. (8.34)

Then the remaining conditions of the gravitino Killing spinor equations imply that the
connection V takes values in sp(2) @, R® and so the holonomy of the connection is contained
in Sp(2) x R8. Moreover, we can set ¢ = 1 + €934, €2 = i(1 — e1234) and €3 = i(e12 + €34)
using a constant GL(3,R) transformation. This is in agreement with the general arguments
we have presented in section [I.1]. Conversely, if hol(V) C Sp(2) x R®, then there are three
parallel spinors which solve the gravitino Killing spinor equation.
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8.2.2 Spacetime forms and the geometry of spacetime

We have shown that in the gauge f = 1 the Killing spinors can be chosen as €; = 1+ ej934,
€2 = i(1 — e1234) and €3 = i(e12 + e34). The spacetime form bilinears associated with the
spinors (€1, €1), (€1,€2) and (e, €2) have already been computed in previous sections. After
an additional normalization of the spinors with 1/4/2, we find the non-vanishing spacetime
form bilinears of the pairs (€1, €3), (€2, €3), (€3,€3) are the one-forms

r(ez,e3) = ¥ — €5 | (8.35)
the three-forms

E(er,e3) = (¥ — ) Awi

5(62763) = —(60 — 65) Nwy , (8.36)
and the five-forms
T(er,e3) = — (" —€®) Awr Awy
T(e2,e3) = —(” —€’) Awr Awie

s 1
7(e3,€3) = —(e —€®) A [4Re (! A2 A3 net) + 5&) Ao, (8.37)

wJ :el/\eQ—l—ei/\ei—l—eg/\e4—|—eg/\e4,
wrg =i(e" Ae? —el Ne? FeP Aet —ed net) (8.38)

and

w=ile' el +e?ne? —ed ned —etnel). (8.39)
The forms wy, wy and wg are the familiar two-forms that appear on manifolds with an
Sp(2)-structure and I,.J and K are the associated endomorphisms. The two-form & does
not have an invariant meaning but it is necessary to write the five-form of the Spin(7) x R8-
structure associated with the spinor 7s.

As in all the previous null supersymmetric backgrounds, the one-form x = e~ is asso-
ciated with a null parallel vector field X. In addition the conditions (B:29)-(B.33) of the
dilatino Killing spinor equations imply that ix H takes values in sp(2) @4 R®. This in turn
implies that X leaves invariant the Sp(2) x R®-structure of the spacetime, i.e.

Lxa=0, (8.40)
where « are all the form bilinears constructed from the parallel spinors.

8.2.3 Solution of the Killing spinor equations

The solution of the Killing spinor equations in this case is similar to that of the SU(4) x RS
case. This is because the conditions conditions that we get for Sp(2) x R® are those of
SU(4) x R® but with respect to each I,.J and K endomorphisms.
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The supersymmetry conditions that arise from the gravitino and dilatino Killing spinor
equations can be decomposed in representations of sp(2). This is easily done using sp(2) =
50(5) but we shall not pursue this here because of the similarity of this case with that
of SU(4) x R®. For example, the conditions that arise from the dilatino Killing spinor
equation can be written as

0, ®=0, 20,0 —H_ ;= (0;);=(05);= k)i,
H+ij(5im + i(Ir)im)(éjn + i(Ir)jn) =0,
Hije (8 £ (1) ) (07 £ (1)) (6%, £4(1,)%) =0, (8.41)

where 07, 6; and Ok are the Lee forms of the endomorphisms I,J and K, see (6.29),
(L, r=1,2,3)=(I,J,K), and 4,5, k,l,m,n =1,2,3,4,6,7,8,9. The last three conditions
are the vanishing of the (3,0) and (0,3) components of H with respect to I,J and K.
The gravitino Killing spinor equation implies that « is parallel and so ix H = dk. In
addition @A(Wl)ij = @A(WJ)Z-]' = @A(w;{)zj = 0 and so the torsion can be expressed in
terms of the geometry and the form spinor bilinears wy,wy and wg. The expressions are

those that we have given for SU(4) x R® (5.24) but with respect to each of the I,.J and K
0

ij?
the ten-dimensional representation is the adjoint representation of sp(2). The metric and

endomorphisms. The only component of the torsion that it is not specified is H9., where

torsion can be written in a way similar to that of SU(4) x R® in (.26).

8.2.4 Special coordinates and a deformation family

As in the Spin(7) x R® and SU(4) x R® cases before, one can introduce coordinates adapted
to the parallel vector field X, X = 9/0u, and write the metric as in (p.27). The analysis
of the construction is similar to the cases we have already investigated and so we shall not
pursue this further here. For example, one can introduce a frame (e~,e*,e’) adapted to
the special coordinates mentioned above as in (f.23).

The spacetime also admits three pairs of integrable distributions, one pair for each of
the endomorphisms I, J and K. This is similar to the SU(4) x R® case which we have
shown to admit one pair of integrable distributions with respect to the endomorphism 1.

The spacetime again has an interpretation as a two parameter family of an eight-
dimensional manifold B with an Sp(2)-structure. Again for this, one has to introduce
a frame (E~,E*,E") as in (5.31), where (E*,E™) are chosen to define an integrable
distribution of codimension eight with typical leaf B. There are two cases to consider. If
the null vector has non-vanishing rotation then,Aalthough B admits an Sp(2)-structure, it
is not compatible with the induced connection V with torsion. The details are similar to
those of the Spin(7) x R® and SU(4) x R® cases, we have already investigated. However, if
the rotation of X vanishes, then the above data are compatible, i.e. B is a hyper-complex
r{lanifold and all the complex structures are parallel with respect to the induced connection
V with torsion. The conditions of the dilatino Killing spinor equation (B.41) also imply
that B is conformally balanced. Therefore B is a conformally balanced HKT manifold. The
geometric properties of such manifolds have been extensively investigated in the literature,

see e.g. [@, E, @, -
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8.2.5 Field Equations

The integrability conditions of the Killing spinor equations imply that if the Bianchi iden-
tities of H and F' are satisfied, BH = 0, BF = 0, then all the field equations are satisfied
provided that E__ = 0, LH_4 = 0 and LF_ = 0. This may have been expected be-
cause these models are special cases of those with Spin(7) x RS- and SU(4) x R¥-invariant
spinors. Examples of backgrounds with Sp(2) x R3-invariant Killing spinors have been

given in, e.g. [ig, i9].
9. N =4 backgrounds

9.1 Backgrounds with SU(3)-invariant spinors

As we have explained, without loss of generality the Killing spinors can be chosen as
e1=1+ems, e =i(1l—eia34), €3 =_(e15+e345), €1=7i(e15—e45). (9.1)

Substituting these into the gravitino Killing spinor equation, one finds that the connection
V takes values in su(3), i.e.

Qa s =Qa_1=0441 = QA,H = Q4" =Qanp=0,
Qi n=0in =010 =1, =0,  mmp,... =234 (9.2)

In addition, the dilatino Killing spinor equation implies the conditions

02 =0_D=00=0D=0,
1
8ﬁ@ - §Hﬁpp - 0 3 (93)

H+1I+H+nn:()7 H+np:07 H+iﬁ:O,
Hfli_H—nn:O7 H—npzoa H_ 15=0,
Hlnp = anm =0 )

Hy,"+H ,1=0, Hip=0, Hpuj+H_45=0. (9.4)

It remains to investigate the restrictions on the geometry of spacetime imposed by the
above conditions.

9.2 Spinor bilinears, backgrounds with four isometries and supersymmetry con-
ditions

The conditions (B:3) imply that the holonomy of the connection V is contained in SU(3),
hol(V) C SU(3). The form bilinears of the first two Killing spinors have already been
computed in the context of supersymmetric backgrounds with SU(4) x R3-invariant spinors,
and the form bilinears of the first and the third Killing spinor have already been computed
in the context of supersymmetric backgrounds with Ga-invariant spinors. The remaining
spinor pairs give the one-forms

Aler,ex) = —Rlesyes) = =8, Klea,en) = —b
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k(es, €3) = k(eq,€4) = eV + ¢, (9.5)

the three-forms

Eler,eq) =P AN A —Im(x) — et A,

E(eg,e3) = =P A’ NP —Tm(R) + el A D,

E(en,eq) = =P Ael Ae® —Re(x) + e AW,

E(ez,eq) = (@ + VA (P ANeb +0) (9.6)

and the five-forms

1
(€3, €3) = (¥ +€°) A —el/\Re()Q)—eG/\Im(X)—5&)/\&)—&)/\61/\66] )

7(e3,€4) = (24 €®) Ale! AIm(R) — €% ARe(Y)] ,

N[ —

7(es,€4) = —(2 4+ €°) A [—el ARe(R) — e AIm(R) + =0 AL+ Ael A 66:| . (9.7)

As we have explained all the form bilinears of the parallel spinors are parallel with
respect to the V connection. In particular, the one-forms e~, e*, e! and el are @—parallel.
Let us denote with X,Y, Z and Z the associated vector fields, respectively. In general, the
vector space spanned by X,Y, Z and Z is not closed under Lie brackets. To see this recall
that commutator of two vector field, say X,Y, is given by ixiy H and the supersymmetry
conditions do not imply that the component H_ . of H vanishes, and similarly for the other
vector fields. This is reminiscent to the situation we have encountered in the backgrounds
with Ga-invariant Killing spinors. Again there are many possibilities ranging from requiring
X,Y,Z and Z to commute to taking the spacetime to be a non-abelian Lorentzian Lie
group. We shall not investigate all cases, instead we shall require that the vector space f
spanned by X,Y,Z and Z closes under Lie brackets, i.e. that b is a Lie algebra. This in
particular implies that

Hyn=0, ab=+,—,11, n=23,4. (9.8)

Observe that some of these conditions are already implied by the dilatino Killing spinor
equation. The remaining non-vanishing commutators of the vector fields are unconstrained
by the conditions of the dilatino Killing spinor equation and so they can span any four-
dimensional Lorentzian Lie algebra. The conditions from the gravitino and dilatino Killing
spinor equations in the case where b is a Lie algebra can be summarized as

QA,ab = QA,nn = QA,am = QA,np =0 ) (99)
and

1
aa¢ - 0 3 3ﬁ<1> - §Hﬁpp - 0
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1 .

Hmnp = Hagbn = Hanp =0, geadeHbcd - ZI—Ia]op =0, (910)
respectively, where e = —ie™ Aet Ael A el. The above supersymmetry conditions have
been written in apparent representations of s0(3,1) @ su(3).

We have explained that H,,, = 0 is required by the closure of the Lie brackets of the
vector fields. The condition H,y), = 0 implies that

Lxw=0, Lyw=0, Lzo=0, Lz;bo=0. (9.11)

However, unlike the G5 case, X,Y,Z and Z do not always preserve the SU(3)-structure.
This is because from the last condition of the dilatino Killing spinor equations the compo-
nents H,.* of the torsion are not required to vanish, unless b is abelian. In particular, we
find that

ACXaf( = Hannf( ) (9'12)

where X, = (X,Y,Z, Z). Thus the parallel vector fields do not preserve the holomorphic
volume form of the SU(3)-structure.

9.2.1 Solution of the Killing spinor equations

As for the supersymmetric backgrounds with Ga-invariant spinors, the spacetime M of
backgrounds with SU (3)-invariant spinors can be interpreted as a principal bundle M =
P(H, B, ) equipped with a connection A\, where H is a Lorentzian group with Lie algebra
h spanned by the four parallel vector fields, B is the space of orbits of H in M = P, and
7 is the projection of the principal bundle. The various formulae we have found in ([7.1.4)
can be extended to the SU(3) case we are investigating here. In particular, the connection
on the principal bundle can again be chosen as \* = €%, where now a = +, —, 1, 1.
Combining the conditions of the gravitino and dilatino Killing spinor equations, we

find that the Levi-Civita connection of the spacetime satisfies the conditions,

Qn,ab =0, 2Q[a,bc} = Hope , 029,.=0 ’

a,bc —
1
2Qa,nn =H,," = _geadeHbcd s 2Qp,nn = Hpnn = _26])(1) )
Qa,bn =0 ) Qn,]oa =0 ) 2QFL,ap = Hﬁap )
Qn,pm =0 ) QQﬁ,mq = Hﬁmq ’ Qa,np =0 ; (913)

which we have expressed in terms of s0(3,1) & su(3) representations. Some of above con-
ditions can also be seen as expressing the flux H in terms of the Levi-Civita connection.

As we shall see H is determined from the spinor bi-linears. Using the relations (9.13), the

A

torsion free conditions of the frame e can be written as

1 _
de® = §H“bceb Ne®+ Hpe" NeP |

1 _
de™ = —Q, " pe’ NeP + §H"paep Net —Qp el Ae™

— Qe Ae™ — Qe A (9.14)
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In terms of principal bundle data, the first torsion free condition above can be inter-
preted as the Cartan structure equation for the connection A, i.e.

1 1 . ,
d\® — §H“bc)\b AN = SH e Nel =0, ikl =2,3,4,7,8,9 (9.15)
and so the curvature of \ is
1 . .
F = §Haijel Ael. (9.16)

In addition the condition (P.1() implies that the curvature F* satisfies the Donaldson
condition. Note that F takes values in u(3) rather than in su(3) because if b is not abelian,
the complex trace of F does not vanish. The torsion H of spacetime can be written as in
(7.44). Therefore the metric and torsion of spacetime in terms of principal bundle data
can be written as

ds? = nab)\“)\b + 5Z-jeiej
1 2 -
H = gnab)\a AdN + gnabA“ ANF+ 7 H (9.17)
where H is a three form of the base space B horizontally lifted to P.
It remains to investigate the geometry of the base space B. The Riemannian manifold
B is equipped with a metric d§? and a three form H such that 7*d32 = 5l-jeiej . Therefore,

one can define a metric connection V on B with skew-symmetric torsion. In addition B
is equipped with a two-form @ such that & = 7n*®. This follows frorAn the property of @
to be invariant under H. The two-form & is parallel with respect to V. This follows from
V& = 0. The associated almost complex structure I of the pair (d3%,&) is integrable.
This follows from the fact that H is (2,1) and (1,2) with respect to I. Therefore B is a
KT manifold which is conformally balanced. The latter condition follows from the second
equation in the conditions that arise from the dilatino Killing spinor equation in (9.1(),
i.e. the Lee form can be written as 8 = 2d®, where

0 =—x(xdo AD) , (9.18)

and dvol(B) = e2 Ae3 Aet Ae" AeB Aed. Tt is well-known that for such manifolds the torsion
three-form is uniquely determined in terms of the complex structure and the metric as

H=—izdo =*do —x(0 A D). (9.19)

It remains to find whether B has a compatible SU(3)-structure. There are two cases to
consider depending on whether or not H is abelian.

First suppose that H is abelian, then H,,"™ = 0 and therefore x is invariant under H.
In such a case B admits a compatib}e SU (3)—struActure, i.e. there is a (3,0)-form x on B such
that it is parallel with respect to V. Thus hol(V) C SU(3). Therefore B is a conformally
balanced KT manifold with a compatible SU(3)-structure. An analysis of the geometry of
these manifolds in terms of G-structures can be found in [4, [[1]. The covariant derivatives

V& and V¥ can be decomposed in terms of five irreducible SU (3) representations as in the
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case of eight-dimensional manifolds with SU (4)-structures that we have already described.
Since B is complex W1 = Wy = 0. In addition Wy and W5, which can be represented by
the Lee forms 6z = 0 given in (P.1§) and

1
ORey = —g* (xdRex A Rex), (9.20)
respectively, are related as
0y = ORey = 2d9 . (9.21)

Next suppose that H is not abelian. There are three distinct four-dimensional non-
abelian Lorentzian Lie algebras. This is because the structure constants of such Lie algebra
are dual to a vector in four-dimensional Minkowski space. Since the generators of the Lie
algebra are determined up to a Lorentz transformation, there are three types of Lie algebras
depending on whether the vector is timelike, spacelike or null. These are isomorphic to
Rasu(2), si(2,R)du(l) or so(2) ®s ha(R), respectively, where b is the Heisenberg algebra
of dimension three. In this case, X is not invariant under H. As a result although there still
exists a ¥ on B which horizontally lifts to ¥, ¥ is a section of A3" ® L, where L = P x » C
is a line bundle over B associated to the principal bundle P. The representation’® p
is induced from (9.19). Therefore x is a tensorial form of degree three associated with
the representation p in the terminology of [{]. The structure that it is associated with
such a form is reminiscent of a Spin.-structure and so we shall say that B admits an
SU.(3)-structure but not an SU(3) one as one might have been expecting. Therefore B
is a conformally balanced KT manifold. The geometry of these manifolds can also be
examined using the Gray-Hervella classes [R2). It turns out that Wi = Wy = 0, because B
is complex, and W, which is represented by the Lee form 6 defined in (p.1§).

To examine some other aspects of the geometry of spacetime, we consider the one-forms
{e" e}, {e",e!l,e”,} and {e% e"}. These span integrable distributions of co-dimensions
four, five and three, respectively.'® The first distribution is associated with the principal
bundle structure of the spacetime which we have already investigated. The second dis-
tribution implies that the space admits a certain Lorentzian complex structure, i.e. the
spacetime is a “Lorentzian”-holomorphic manifold. Observe that {eﬁ,ei,e_,} is also an
integrable distribution. The third distribution is related to the property of B to be a
complex manifold.

To summarize the geometry of backgrounds with SU(3) invariant spinors, we have
found that the spacetime is (locally) a principal bundle M = P(H, B, w) equipped with
a connection A. The fibre is a four-dimensional Lorentzian Lie group and the curvature
F of the connection A satisfies the Donaldson condition. The geometry of the base space
B depends on whether or not H is abelian. If H is abelian, then the base space B is a
balanced KT manifold with an SU(3)-structure. If H is not abelian, then B is a balanced
KT manifold equipped with a bundle L associated to P and a section ¥ of A*? @ L. The
metric and torsion of spacetime in terms of principal bundle data are given in (p.17), and
the dilaton @ is a function of B.

15We assume that p is not trivial. If it is trivial, then the analysis reduces to that of the abelian case.
8 There are other integrable distributions, i.e. the one spanned by the one-forms {e"}.
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As in the G case, one can compute dH to find
dH = gy FONF° + 7* dH . (9.22)

The first term in the right-hand-side of dH is a representative of the first Pontrjagin class
of the principal bundle P. If one requires that dH = 0, then the representative of the first
Pontrjagin class of P must cancel against a form on B. Of course if P is a globally defined
principal bundle over B and one imposes the condition dH = 0, then the first Pontrjagin
form is exact and therefore the first Pontrjagin class of the principal bundle should vanish.

9.2.2 Field equations and examples

An investigation of the integrability conditions of the Killing spinor equations imply all the
field equations are satisfied provided that one imposes the Bianchi identities BH = BF = 0.
This may have been expected because this class of backgrounds is a special case of those
with NV = 2 supersymmetry and Gs-invariant spinors.

In the absence of a gauge field, the only Bianchi identity that has to be imposed is that
of H which has been computed in (9.29). As an example, one can take H to be abelian.
Then, one can write A* = dz® + A® and so we have

ds® = 1y (da® + A®)(d2® + A) + ¢’
H = ngp(da® + AY) NdA® + H' (9.23)

where F = dA the curvature of the connection takes values in su(3), i.e. it satisfies the
Donaldson condition. If in addition we require that dH = 0, then

H = ngdz® ANdA® + Hp (9.24)

after choosing H' = —nabA“dAb + Hp, where Hpg is a three-form on B such that dHg = 0.
Within a brane interpretation of these solutions, the connections A% can be thought of as
a rotation and wrapping.

A special case of this example is whenever the only non-vanishing rotation and wrap-
ping is a along a null direction. In this case, the Chern-Simons form contribution vanishes.
Thus one can set H = Hp. Such kind of solutions have been consider before in [[[7]. The
metric and torsion are

ds? = 2dv(du + A) + dz? + dy* + §;je'e’
H= dvAdA+ Hg. (9.25)

In such a case, the base space B is a integrable, conformally balanced strong KT Rieman-
nian manifold such that hol(V) C SU(3) and H is closed. An example of such manifold
was found in [F0] and has been used as gravitational dual to N = 1 Yang-Mills theory
in four-dimensions [fl]. The geometry of these models has been investigated in [. It is
remarkable that the six-dimensional manifold is also a principal bundle.

,49,



9.3 Backgrounds with (SU(2) x SU(2)) x R%-invariant spinors
9.3.1 Supersymmetry conditions

As we have already explained in [L.1], one can always arrange without loss of generality such
that the Killing spinors are

e1=14e234, e =1i(l—ej234), €e3=e12—e31, e€4=7i(era+eszs). (9.26)

The gravitino Killing spinor equation implies that the connection V takes values in (su(2)®
su(2)) @, RS, i.e. that

g:ZA,ozﬁ = QA,np =0 ) QA,cuo{ = QA,nn =0 )
AQA,om = QA,o?n =0 )
Qa+p==0, a,fB,...=1,2, n,p,...=3,4. (9.27)

The conditions that arise from the dilatino Killing spinor equation are

1 1 1 1
D, ®=0, 05— iﬂaﬁﬁ —oH a=0, 02® - Hp’ —JH 15=0, (9.28)
Haﬁn = Homp =0 ) Hﬁaﬁ = Hémp =0 ) Hnaa = Homn =0 ) (929)
Hiog=Hio® = Hopp = Hyopn" = Hyqn = Hyon =0. (9.30)

It remains to investigate the restrictions on the geometry of the spacetime that are implied
by the above conditions.

9.3.2 Geometry, holonomy and spinor bilinears

As in the previous null cases, the conditions that arise from the gravitino Killing spinor
equation (D27) imply that hol(V) C (SU(2) x SU(2)) x R®. To give a further insight into
the geometry, one can compute the form bilinears of the Killing spinors. This has already
been done for the pairs of the first three Killing spinors. Therefore, it remains to compute
the forms of the pairs (e1,€4), (€2,€4), (€3,€4) and (e4,€4). In particular, we find the one

form
r(eq,eq) =€ — e, (9.31)
the three-forms
(er,e4) = —(” — €”) AIm(x1 + x2) ,
§(e2,64) = —(60 - 65) ARe(x1 + x2) ,
E(es,€q) = —(60 — 65) A (w1 —wa) (9.32)

and the five-forms

(e ea) = —(e” — €’) A (w1 ARe(x2) + w2 ARe(x1)) ,
T(ez,€1) = (€ — €°) A (w1 Alm(x2) + w2 Am(x1)) ,
T(es,ea) = —(e” — €”) AIm(x] A x2)
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7(eg,€4) = —(e2 — %) A (Re(x] A x2) + %(wl —wo) A (w1 —wa)) , (9.33)

where wy; = —(e! AeS +e2 NeT), wo = —(e3AeB + et Ae?), x1 = (el +ie8) A (€2 +ie”) and
x2 = (e3 +ied) A (e* +ie?). All the form bilinears « constructed from the Killing spinors

are parallel with respect to the connection V,
Va=0. (9.34)

Moreover as expected, (0.30) implies that ix H takes values in (su(2) @ su(2)) s R®, where
X is the associated parallel vector field to x. This in turn gives that

Lxa=0, (9.35)

where again a stands for any form Killing spinor bilinear. Since X is Killing, LxH = 0
(dH = 0) and Lx® = 0, X leaves all the geometry of spacetime including the (SU(2) x
SU(2)) x R8-structure invariant.

9.3.3 Solution of the Killing spinor equations

The solution of the Killing spinor equations is similar to that of the SU(4) x R® case.
The supersymmetry conditions of both the gravitino and dilatino Killing spinor equations
have been decomposed in terms of SU(2) x SU(2) representations in an apparent way.
The minimal set of covariantly constant forms that characterizes the conditions (D.27) that
arise from the gravitino Killing spinor equation are

k=e , &r=e Awr, &=e Awy, §1=e Ax1, S=e¢ Axa. (9.36)
where

Wr=wj] twy, Wj=wi—wy. (9.37)

In particular, if we denote the forms (P.30]) collectively with 3, then the conditions that

arise from the gravitino Killing spinor equation are equivalent to
VB=0. (9.38)

Note that the endomorphisms I,J of the tangent bundle of the spacetime commute,
ie. IJ = JI. The forms (w1, x1) and (we,x2) are associated with an SU(2) x SU(2)-
structure.

The conditions ([9.29) imply that H is a (2,1) and (1,2) form with respect to both I
and J, i.e. the (3,0) and (0,3) components with respect to both I, .J vanish. The last two

conditions in (9.2§) can be rewritten as
20,2 = (b1)a , 20,Q = (62), , (9.39)

where 61 and 0, are the Lee forms of the endomorphisms I; and I» associated with w; and
wa, respectively, see (B.23). The conditions (9.30) imply that H;j, i,j = 1,2,3,4,6,7,8,9
takes values in su(2) & su(2).
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The supersymmetry conditions can be solved for the fluxes. It is easy to see that the
expressions for H_,3 and H,g~, and H_,, and H,,g can be given as in (6-24) but now with
respect to the endomorphisms I; and Iy associated to the forms wq and ws, respectively.
Similarly H_,® and H_," can be expressed as in (f.2§) but now with respect to x; and ya,
respectively. Therefore all H fluxes are determined in terms of the spinor bilinears and the
metric of spacetime apart from the component HEZ-]» which takes values in su(2) @ su(2).
The metric and torsion of the spacetime can be written as

ds®> = 2¢"et + 25ageaeg + 25,
1 1
H = e Nk = [5(10)"V - (@1)mj + 5 (12)"™V - (@2)mj + (11)":V — (w2)m;

|
+ (12)™iV_(w1)mjle” Ne' Nel — 3 Im((x1)*’V_(x1)ag) €~ Awi

1 1 4 .
- g Im((XQ)mnv* (X?)mn)ei N wa + §HEZ]€7 ANe' Néel
1 . .
+ gHijke’ ANed nek (9.40)

where 4, j,k,l = 1,2,3,4,6,7,8,9, H;; is determined in terms of wi, wy, I and I3 as has
been explained above.

9.3.4 Local coordinates, distributions and a deformation family

One can adapt coordinates along the null parallel vector field X and write the metric of

a An

(e} ny 3
,e" e") in a way

the spacetime as in (f.29). Then one can adapt a frame (e™,et,e® e
similar to that in (5.23). The spacetime admits various integrable distributions. Apart
from the distributions of co-dimension five spanned by (e™,e*,e") and (e”,e%,e™) which
are analogues to those of the SU(4) x R® backgrounds, there are also integrable distributions
of codimension three spanned by (e™,e%, e, e") and (e™,e?, B ,e™). This can be easily seen
using the torsion free conditions of the frame (e™,e™,e®, e*, e, e").

The spacetime has the interpretation as a two parameter family of an eight-dimensional
manifold with an SU(2) x SU(2)-structure. This is done by adapting a frame (E~, E*, EY)
similar to that in (5.31)). The one-forms (E~, E1) span a codimension eight integrable
distribution with leaves the eight-dimensional manifold B. There are two cases to consider.
In the generic case, and in particular if the rotation of the null vector field does not
vanish, dk = de™ # 0, B admits an SU(2) x SU(2)-structure which is not compatible
with the induced connection V with torsion H = H|p. The explanation for this has been
presented in detail for the Spin(7) x R® case and it will not be repeated here. However,
if dv = de” = 0, then B admits an SU(2) x SU(2)-structure which is compatible with
the induced connection V. In such a case, B is a conformally balanced eight-dimensional
manifold equipped with (i) metric connection V with torsion given by a three-form H, (ii)
two commuting gomplex structures T Aand J, IJ = JI, which are the restrictions of I, .J,
such that VI = V.J = 0 and (iii) hol(V) C SU(2) x SU(2). The manifold B is conformally
balanced because the Lee forms satisfy 6 = 0 j= 2d® as required by the supersymmetry
conditions of the dilatino Killing spinor equation (P.2§). Note that B admits an integrable
product structure IT = I.J, i.e. II? = 1. The geometry of B can be also analyzed using
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G-structures but this is very similar to the SU(n) cases we have already examined and we
shall not pursue this further here.

The geometric properties of manifolds equipped with two commuting complex struc-
tures compatible with a metric connection with torsion have been investigated before in the
physics literature in the context of sigma models with (2,2) worldvolume supersymmetry
[, B. In particular, special coordinates have been introduced and the local expression
for the metric has been given. In addition the simultaneous integrability properties of the
complex structures and the product structure have been examined in detail. As in the
previews null cases, the integrability conditions of the Killing spinor imply that all field
equations are satisfied provided that the Bianchi identities are imposed and one requires
that E__ =0, LH_4, =0 and LF_ = 0.

10. N = 8 backgrounds

10.1 Backgrounds with SU(2)-invariant spinors
10.1.1 Supersymmetry conditions

One can choose without loss of generality the Killing spinors, see section [L.1], as

e1=14e€1231, e2=1(1 —e1234), €3 =e€12—e€34, €1 =7i(e12+e34),
€5 = €15 + ea345 , €6 = i(e15 — €2345) , €7 = €52 + €1345 , €8 = i(es2 — e1345) . (10.1)

Substituting them in to the gravitino Killing spinor equation, one finds that the connection
V takes values in su(2), i.e.

f?A,+a = f:?A,—a = QA,—-{: = QA,ag = QA,QB = QA,om = QA,cm =0,
QA,—}—n = QA,—n =0 ) QA,np = QAJLn =0 ) Oé,ﬁ = 17 2 y P = 374 (102)

Similarly, the conditions that arise from the dilatino Killing spinor equation equation are

0, P=0_9=0,02=0, aﬁcb—%Hm,p:o,

Hss’ +H (=0, Hp"=0, H ,,=0,

Hogn = Honp =0, Hpog = Hanp =0, Ho5=0,Hy* =0,

H,"=0, H =0, H=0, Ha=0, H 35=0, H_j=H_o,
Hiap=0, Hys®*=0, Hyp=0, H,"=0, Hion=0, Hion=0.(10.3)

We shall next investigate the restrictions that these conditions above impose on the geom-
etry of spacetime.

10.1.2 Geometry and form bilinears

The gravitino Killing spinor equation implies that the holonomy of V is contained in
SU(2), hol(V) C SU(2). Several of the Killing spinor form bilinears have been computed
in previous cases. The remaining pairs can also easily be computed. This is because we
have found the form spinor bilinears of all possible types of spinors, see [A.2.6 As a result,
the forms of the remaining pairs are given from those we have computed already by an
appropriately relabeling of indices. However, we shall not explicitly give the result because

it is not particularly enlightening.
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All the forms that arise form the Killing spinor bilinears are parallel with respect to

+ 1 6 .2 7

V. A basis in the ring of parallel forms is e7,e™,e", e, e”, e, wo and yo, where

wo=—(SANS+etAne?) | xo=(e3+ied) A (et +ie?). (10.4)
In particular this implies that the one-forms e™, e™, e, e%, e* = %(ea +ie5t%), are parallel

and so the associated vectors fields X, Y, Z,, Z5 are Killing. Unlike the cases of backgrounds
with G- and SU (3)-invariant spinors, the vector space h = Span(X,Y, Z,, Z5) closes under
Lie brackets. This is a consequence of the conditions of the dilatino Killing spinor equations
and in particular the vanishing of the components

Hy,=0, ab=+,—a,a, n=3,4 (10.5)

of the NS®NS three-form field strength. The Lie algebra b is not arbitrary but rather
constrained by supersymmetry. In particular, the structure constants satisfy the conditions

HsgP +H =0, H_3=0, H_j1=H_ ,,
Hiop=0, H,*=0, a,f=12, (10.6)

of the dilatino Killing spinor equation. Observe that the structure constants of SI(2,R) x
SU(2) whose lie algebras are spanned by sl(2,R) = R < e_,e;,e; = %(61 +e7) > and
su(2) = R < eg,e3,65 = ﬁ(ei — e1) > satisfy these conditions provided one identifies

their structure constants as in the first condition of ([L0.f). The remaining conditions of
the dilatino Killing spinor equation, apart from those involving the dilaton, imply that

Lxws =0, Lywr=0, Lzwr =0, Lzuwr =0, (10.7)
and
Lxx2=0, Lyx2=0, Lz,x2=0, Lz,x2=0. (10.8)

The conditions involving the dilaton imply that ® is invariant under the action of h on the
spacetime and that 9, ® is related to the torsion H.

The conditions on the geometry of supersymmetric backgrounds with SU(2) invariant
spinors can be summarized as follows: The gravitino Killing spinor equation gives

QA,ab =0 ) QA,aB =0 ) QA,np =0 ) QA nn =0 ) a=—+,aa, (109)

)

and the dilatino Killing spinor equation gives

1
aaCI)ZO, 3ﬁ®—§Hﬁpp:O,
Hﬂmp =0, Hﬂmn =0 ; Hnab =0
Hsp’ +H ya=0, H_3=0,
H—li = H—QQ s H—l—aﬁ =0, H+aa =0. (1010)

This concludes the discussion of the supersymmetry conditions.
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Combining the conditions of the gravitino and dilatino Killing spinor equations, we
find that the Levi-Civita connection of the spacetime satisfies the conditions,
Qk,ab =0, 2Q[a,bc} = Hope , QZ,(I))C =
20, =Hg," =0, 2Q,," = H,," =-20,®,
Qa,bn =0 5 Qn,pa =0 > 2Qﬁ,atp = Hﬁap s
Qppm =0, 2Q3mg=Hamg, Qapn =0, (10.11)

which we have expressed in terms of so0(5,1) @ su(2) representations. Some of above con-
ditions can been seen as expressing the flux H in terms of the Levi-Civita connection. In
this case, we shall show that H is determined by the metric and the form spinor bilinears.

10.1.3 Solution of the Killing spinor equations

As for the supersymmetric backgrounds with G- and SU (3)-invariant spinors, the space-
time M of backgrounds with SU(2)-invariant spinors can be interpreted as a principal
bundle M = P(H, B, n) equipped with a connection )\, where H is a Lorentzian group
with Lie algebra b spanned by the six parallel vector fields and 7 is the projection of the
principal bundle. Unlike the G2 and SU(3) cases, the group H is not arbitrary but its
structure constants satisfy the ([L0.§). The connection is A* = e®. The Cartan structure
equations for A can be found by considering the torsion free conditions of the frame. Us-
ing the relations ([0.9) and ([[0.1(), the torsion free conditions of the frame e can be
written as

1 _
de® = §H“bceb Ne“+ Hpe" Nel |

1 _
de” = —Qa"pe" N 4 o H pael N e = Tmel A ™
— Q" me? Ae™ — Qe e (10.12)

The first condition is interpreted as the Cartan structure equation and so the curvature of

the connection A\ is
1

Flij=gH"% . ] =34.89. (10.13)

The conditions ([L0.10) imply that F® is self-dual, i.e. it takes values in the su(2) C so0(4).
The metric of the spacetime and the torsion H in terms of principal bundle data can be
written as

ds® = nab)\a)\b + 5Z-jeiej ,
1 2 -
H = nap\* A dX” + ZnapA® A F* + 7" H (10.14)

It remains to investigate the geometry of the four-dimensional base space B. As in the

G2 and SU(3) cases, the base space B is a Riemannian manifold equipped with a metric

d3? and a three-form H, and so with a metric connection V with three-form torsion. In
addition, since both wy and xo are invariant under H, the base space B is also equipped

with two two-form @s and Y2. Both &y and X» are parallel with respect to V. The almost
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complex structure I associated with the pair (d3?,d») is integrable, and ¥ is (2,0) with
respect I. Therefore, B is a conformally balanced HKT manifold. The conformal balance
condition follows from the second equation in ([[0.10) and § = 2d®, where § is the Lee form
of &9 defined as in (p.29).

As in the SU(3) case, the spacetime admits various distributions spanned by the
one-forms {e",e"}, {e",e",e!,e?} and {e% e"}. These are integrable distributions of co-
dimensions six, five and two, respectively. The first integrable distribution is that of the
principal bundle structure that we have already investigated. To show that {e", e~ el e?}
span an integrable distribution, one also needs the conditions ([L0.6) on the structure con-
stants Hg,p,. imposed by supersymmetry. Note that there is another co-dimension five

+,ei,62}. Both codimension five distribu-

distribution spanned by the one-forms {e",e
tions imply that the spacetime admits a certain “Lorentzian” complex structure, i.e. M
is a “Lorentzian-holomorphic” space, in two different ways. The distribution spanned by
{e,e*} is related to the property of B to be a complex manifold.

To summarize the geometry of supersymmetric backgrounds with SU(2)-invariant
spinors, we have found that the spacetime is a principal bundle P(H, B, 7) equipped with
a connection A. The structure constants of the six-dimensional group H are constrained by
(L0.6). The curvature of X is a self-dual two-form. The base space is a four-dimensional,
conformally balanced HKT manifold. The metric and torsion are given in ([10.14)) and the

dilaton @ is a function of B.

10.1.4 Field equations and examples

The integrability conditions of the Killing spinor equations imply that all field equations
are satisfied provided that BH = BF = 0 as in the previous cases with compact stability
subgroups. In addition, one can show that dH = F A F +7*dH. This expression is similar
to those in the Gy and SU(3) cases. If H is abelian, it is straightforward to introduce
coordinates and write explicit expressions for the metric and torsion. Since we have done
this for the SU(3) case and the analysis is very similar, we shall not repeat the various
formulae here. One can also easily construct the examples with non-vanishing null rotation
which have also been considered in [[[7]. An example of a background with SU(2)-invariant
spinors and eight supersymmetries is the NS5-brane [§.

10.2 Backgrounds with R®-invariant spinors
10.2.1 Supersymmetry conditions

As we have already explained, the Killing spinors can be chosen as

er=14ems, e=i(l—e34), e =e2—e€3a, €1=71(e12+e34),
€s =e13+exu, € =i(e3—e), e =en3—e, e =7i(ey+e). (10.15)

Observe that the above spinors can also be thought of as spanning the real chiral represen-
tation Ag‘ of Spin(8). The gravitino Killing spinor equation implies that the connection
V takes values in R8, i.e. that

Qaij=, Qasp=0, i,7=1,2,3,4,6,7,8,9 (10.16)
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i.e. the only non-vanishing components of the connection are Q A,—i- The dilatino Killing
spinor equation in addition implies that

1
(9+‘1>:0, 8¢‘1>—§H,+i:0,
Hiyj=0, Hy;=0. (10.17)

We shall next investigate the conditions on the geometry of spacetime.

10.2.2 Solution of the Killing spinor equations

It is clear from ([[0.14) that the connection () takes values in R® and so hol(V) C R®. The
forms of the Killing spinor bilinears can be written as

a=e ANp, ¢eAVT(RY), (10.18)

where A®VH(R®) = A%(R®) @ A2(R®) @ A*H(R®) and A*H(R®) denotes the subspace of self-
dual four-forms and R® = R < el,...,e*,¢5,..., ¢ >. As in the previous cases, the last
condition in ([[0.16) implies that k = e~ is a parallel null one-form associated with a
Killing vector field X. In addition the last condition in ([[0.17) implies that X preserves
the R8-structure, i.e.

Lxa=0, (10.19)

where « is any form Killing spinor bilinear.

The only non-vanishing components of H are H_;; and H__;. Unlike previous K x R®
cases, H is determined in terms of the Levi-Civita connection and the dilaton. In particular,
the conditions of the dilatino Killing spinor equation ([[0.17) express H_; in terms of ®
and the condition Q—,’ij = 0 of the gravitino Killing spinor equation gives H_;; = 2Q_ ;;.
One can also adapt coordinates along the parallel vector field X, X = 9/0u, and write the
metric and torsion as

ds® = 2(dv 4+ mydy!)(du + Vdv + nydy") + ~; ydy dy”’
H=¢e¢"Ndi+Q_ e Ne' Ne. (10.20)

Next consider the torsion free conditions for the frame (e, e*t,e’) which we can introduce
as in (p.23). In particular, the torsion free conditions for e~ and ¢! imply that there are
functions m = m(v,y) and e’ = €'(v,y) such that

mr=0rm , €5 =0adse(v,y). (10.21)
In addition since dk = dm, we have from the dilatino Killing spinor equation that
0r(2® + 9,m) — 2m;0,® =0. (10.22)

If the rotation of X does not vanish, dk = de™ # 0, it is not apparent that there is
a diffeomorphism which preserves the form of the metric in ([0.20)) and transforms the
“transverse” metric vrydy’dy”’ to that of flat space. However if dk = de™ = 0, the dilaton

,57,



® = ®(v), and one can perform the diffeomorphism v = u,v = v and y’ = e'(v,y!) which
preserves the form of the metric in ([[0.20) and transforms the transverse part of the metric
to that of flat space. In such a case, the solution of the Killing spinor equations can be

written as

ds? = 2dv(du + Vdv + ndy’) + 8;;dy*dy’
H=Q_ jdvAdy' Ndy' , & =(v). (10.23)

As in all previous K x R® cases, the spacetime can be interpreted as a two param-
eter family of an eight-dimensional manifold. This can be done by introducing a frame
(E~,E*,E") asin (B.31)). If the rotation of X does not vanish, dx # 0, then the deformed
submanifold B although it admits a {1}-structure it is not compatible with the induced

V connection. However, if the rotation vanishes, then B is locally isomorphic to R® as we

have shown in ([[0.29).

10.2.3 Field equations and examples

One can show using the integrability conditions of the Killing spinor equations that the
only field equations that need to be imposed in addition to the Bianchi identities BH =
0,BF =0are E__ =0, LH_4 =0 and LF_ = 0. This is similar to all the previous
K x R® backgrounds as might have been expected.

An example of a background with R3-invariant spinors and N = 8 supersymmetries is
that of the fundamental string solution of [FJ]. The non-vanishing fields are

ds® = 2h Ydxdy + ds*(R®) |
H=—dzANdyndh™!,
®=pt, (10.24)

where h is a harmonic function on R®. To see this, one performs the coordinate transfor-

mation
wu=z, v=hly, (10.25)
and the metric and torsion can be rewritten as

ds* = 2(dv +vh~'dh)du + ds*(R®) |
H = hYdu A dv A dh = du A d(vh™tdh) . (10.26)

Setting e~ = dv + vh~'dh and e* = du, the metric and torsion have the form of ([[0.2(]).
In particular observe that ([0.22) is satisfied.

11. Parallelizable string backgrounds

As we have mentioned in the introduction, if the Killing splnors have stability subgroup
{1}, then the background is parallelizable with respect to the v connection, i.e. R=0.
In addition the gauge connection is flat, i.e. /' = 0. In this section, we shall show that
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backgrounds for with R =0are group manifolds provided that H is closed at the 0-th order
in /. For this, we write the expression for the R curvature in terms of the Riemannian

curvature R as
. 1 1 1 L1 ;
RyiN,Rrs = RMN,RS—§VMHNRS+§VNHMRS+ZHRMLH NS—ZHRNLH ms, (11.1)

where M,N,... = 0,...,9 are coordinate indices. Skew-symmetrizing in all four indices
and using dH = 0, we find that

HypunH"ps) =0 (11.2)
which can be rewritten as
HpyinH"rg) =0. (11.3)
Skew-symmetrizing ([[1.1]) in the N, R, S indices, we get that
—VuHNrs + ViNHprsiy =0 (11.4)
which together with the closure of H gives
VuHyrs =0. (11.5)

Therefore the spacetime admits a parallel three-form which satisfies the Jacobi identity
and so the spacetime is a ten-dimensional Lorentzian group manifold. Of course Lorentzian
group manifolds admit sixteen parallel spinors with respect to the V which can be identified
with the left-invariant connection. In addition if we demand that the parallel spinors are
also Killing, then the background is maximally supersymmetric and so the spacetime is
locally isometric to Minkowski space [B4].

The field equations impose additional conditions on backgrounds for which R=0.1In
particular, we find that the gravitino and two-form gauge potential field equations imply
that

Vyon® =0 (11.6)

and
Ou®gMNHyps =0. (11.7)

In the case that ® is constant, the dilatino Killing spinor equation becomes
HynpTMNVEe =0, (11.8)
This gives, after using the Jacobi equation, that
HynpHYNE =0, (11.9)

Therefore H is null. Since H is null, the spacetime admits at least eight Killing spinors.
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Next let us turn to the case that ® is not constant. In such case, (L1.§) implies that
XM = gMN 9N ® is parallel. There are two cases to consider, either X2 = 0, i.e. X is null,
or X2 = const and so X is either timelike or spacelike. In both cases, using ([1.7) and the
Jacobi identity for H, we find that the dilatino Killing spinor equation implies that

Xy XM — %HMNRHMNR =0. (11.10)
Therefore if X is null, then H is also null and the spacetime admits at least eight Killing
spinors which satisfy d® e = 0. If X is time-like, the condition ([L1.7), also written as ix H =
0, implies that H is spacelike H? > 0 and so ([[I.1() cannot be satisfied. There are no
parallelizable supersymmetric backgrounds, R = 0, for which the dilaton can be identified
with a time coordinate on the spacetime. The only remaining possibility is X space-like.
Such supersymmetric backgrounds are known to exist like for example R>! x U(1) x SU(2).
The dilaton is identified with the coordinate along the space-like U(1) direction.

12. Common sector of type II supergravities

12.1 Supersymmetric backgrounds

The Killing spinor equations of the common sector of type II supergravities are

Vier =0,
1
(FMan) F EFMNPHMNP)Ei =0 s (12.1)

where V* = V:I:%H and ey are Majorana-Weyl spinors of the same (IIB) or opposite (ITA)
chiralities. The field equations are the same as those of the metric and NS®QNS two-form
gauge potential of the heterotic string. In addition, dH = 0.

The Killing spinor equations of the common sector resemble those of the gravitino
and dilatino of the heterotic supergravity. Observe for example that VT = V. The
common sector of type II supergravities is a consistent truncation of type II supergravities.
Therefore it can be thought as a special case of eleven-dimensional and IIB supergravities.
Because of this, we shall not investigate the Killing spinor equations in detail. Instead,
we shall focus on some properties of the common sector supersymmetric backgrounds that
follow from those of the supersymmetric backgrounds of the heterotic string that we have
presented. In particular, we shall examine the common sector of IIB supergravity in which
case e4 are both positive chirality spinors. It is worth mentioning that the supersymmetric
configurations of the common sector of ITA supergravity should be treated separately from
those of I1B supergravity because there are several differences. To mention one, the spinors
1 + e1234 and e; — eg34 of ITA supergravity have stability subgroup Go x R® in Spin(9,1).
As we have seen IIB supergravity does not admit spinors with stability subgroup Ga x R%.
Therefore, it is expected that some of the geometries that appear in the common sector
IIA supergravity are different from those that appear in IIB.
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The relevant spinor bundle of the IIB common sector is ST @ ST and the gravitino
Killing spinor equation is a parallel transport equation for the connection V* & V~. Thus
the gravitino Killing spinor equations are associated with a Spin(9,1) x Spin(9,1) connec-
tion. However, the gauge group that preserves the Killing spinor equations is the same as
in the heterotic case, i.e. it is Spin(9,1). This is the main difference between the Killing
spinor equations of the common sector and those of the heterotic string. Because the gauge
group is the proper diagonal subgroup of Spin(9,1) x Spin(9,1), it has many more orbits
in the space of spinors than those of the heterotic string. As a result there are many more
cases to consider.

The Killing spinors € of the common sector can be written as 177 ®nz. To proceed, let G
and G~ be the stability subgroups of the parallel spinors n®0 and 067, respectively, and G
be the stability subgroup of all parallel spinors, G € GTNG~. It is again the case that the
holonomy of the V* connections should be a subgroup of the stability subgroups G* of the
parallel spinors, i.e. hol(V*) C G*. The general strategy to analyze the supersymmetric
backgrounds of the common sector is to first choose the parallel spinors of the type n®0 as
in the heterotic case and then use the residual gauge symmetry G* to simplify the Killing
spinors of the type 06, or vice versa. Without loss of generality, we may choose the Killing
spinors € & 0 as those of the heterotic supergravity. If one requires that there are parallel
spinors with stability subgroup Gt = {1} or G~ = {1}, then either the curvature RT = 0
or R~ = 0. In such a case, the spacetime is a metric Lorentzian group. This follows from
the results of the previous section. If both Gt = G~ = {1}, then the Riemann curvature
of the Levi-Civita connection vanishes, R = 0, and the spacetime is locally isometric to
Minkowski space.

On the other hand, if either VT or V™~ does not admit parallel spinors, then the analysis
of the common sector reduces to that of the heterotic string for the connection with torsion
that admits parallel spinors. In this case the heterotic supersymmetric backgrounds are
“embedded” in the common sector.

It turns out that many common sector supersymmetric backgrounds admit a Killing
spinor of the type spinor € = n @ n, i.e. n is parallel with respect to both V* and V~
connections. If this is the case, then 7 is also parallel with respect to the Levi-Civita
connection. In particular, the Killing spinor equations imply that that

Vn=0, HapcI'Pn=0,
49,80 =0. (12.2)

The last condition follows from the dilatino Killing spinor equations. Since the stability
subgroup of a single spinor in Spin(9,1) is Spin(7) x R®, GT = G~ = G = Spin(7) x R®.
So, hol(V) C Spin(7) x RS, i.e. the holonomy of the Levi-Civita connection is contained
in Spin(7) x R8. Furthermore, the gauge symmetry of the Killing spinor equations can be
used to set € = 1 + ej934. As a result, one can use the results of N = 1 heterotic string
backgrounds to show that

1
Qas=0, Qa."=0, Quap= §QA,756a575 :
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1
Harp=0, Ha"=0, Hap= §HA75601576 ,
8,0 =0,d=0, af=1,234. (12.3)

These imply that hol(V) C Spin(7) x R®, as we have already mentioned, H_;; € A%; and
H;ji, = 0. The rotation of the associated null Killing vector field vanishes. As a result, the
spacetime admits Penrose coordinates. One can also see that the Lorentzian deformation
family is that of a Spin(7) manifold, i.e. the Levi-Civita connection of B has holonomy
contained in Spin(7).

Next, we shall use the general results above to investigate common sector backgrounds
with one and two supersymmetries. For N = 1, either VT or V™ admits a parallel spinor
e. This implies that either hol(V*t) C Spin(7) x R® or hol(V™) C Spin(7) x R®. Suppose
that hol(V™) admits the parallel spinor €. Since ¢ is Killing by assumption, it also solves
the dilatino Killing spinor equation. The geometry of spacetime is that described in the
case of N = 1 heterotic string backgrounds. The connection V~ may not admit parallel
spinors, i.e. the holonomy of V™ is not contained in Spin(7) x R®. However, if it admits
parallel spinors, they do not solve the dilatino Killing spinor equation.

To examine backgrounds with two supersymmetries, we again use the results we have
derived in the context of heterotic string. There are several cases to consider. In the first
case both Killing spinors are parallel with respect to either the V™ or V™~ connection.
Without loss of generality, we can assume that both spinors are parallel with respect
to the V' connection. There are two such cases to consider with stability subgroups
G =Gt = SU4) xR® and G = Gt = G3. The geometry of the spacetime is that of
the N = 2 heterotic string backgrounds. Next suppose that one of the Killing spinors is
parallel with respect to the V' connection and the other is parallel with respect to the
V™~ connection. In this case Gt = G~ = Spin(7) x R® and so the holonomy of both V*
connections is contained in Spin(7) x R8. The first Killing spinor can always to be chosen as
€1 = f(1+e1234). In such a case, one can show that the second Killing spinor can be chosen
either as €5 = g1(1 + 61234) or €9 = g1(1 +61234) —1—1'92(1 — 61234) or €9 = g(615 +62345). The
argument is similar to the one we have used for the heterotic string backgrounds with two
supersymmetries. The case for which both Killing spinors point to the same direction has
already been investigated above and the supersymmetry conditions have been summarized
in ([12.3). The supersymmetry conditions for the remaining two cases can also be read
from those of N = 2 heterotic string backgrounds. However for the second spinor, one
has to alter appropriately the sign of the terms containing the flux H in the Killing spinor
equations. The analysis is routine and we shall not present the results here. It is apparent
though that one must consider many more cases of supersymmetric backgrounds in context
of the common sector than those that appear in heterotic supergravity. In the table we
summarize the stability subgroups of the spinors of N = 2 IIB common sector backgrounds.

The parallel forms of string theory backgrounds are associated with conserved cur-
rents of the worldvolume action which described the propagation of (super)strings in such
backgrounds [5J. Thus for any of the parallel forms we have presented in the super-
symmetric heterotic and common sector backgrounds, there is an associated conserved
current. In particular, we have shown that all supersymmetric heterotic and common sec-
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N =2 Gt G- G
SU(4) x R® - SU(4) x R®
Go - Go
Spin(7) x R® | Spin(7) x R® | Spin(7) x R®
Spin(7) x R® | Spin(7) x R® | SU(4) x R®

Spin(7) x R® | Spin(7) x R® Go

Table 3: There are five classes of IIB common sector backgrounds with two supersymmetries.
These are denoted with the stability subgroups G, G~ and G of the Killing spinors. In all cases
hol(VE) C G*. The entries — denote the cases for which the sector associated with the V—

connection does not admit Killing spinors.

tor backgrounds admit at least one parallel null vector field. Without loss of generality
let VTk =0, VT = V. Then the bosonic string with equations of motion Vjt@,YM =0,
where Y is the embedding map of the string worldvolume into spacetime and oF are
lightcone worldvolume coordinates, has a conserve current £3;0_Y™M, 9, (kp0_Y ™M) = 0.
Therefore #;0_Y™ = f(07). It is known that the bosonic string action is invariant under
the conformal transformations 6YM = a(¢7)0,YM + b(c7)0_YM, where a,b are the in-
finitesimal parameters. It is easy to see that choosing f(o7) to be constant, one can gauge
fix the conformal transformations associated with the parameter b(c™). Similarly, if the

one-form «’ is parallel with respect to the V™~ connection, the current /@’]\/16+YM is con-
served d_ (k;04YM) = 0 and this can be used to gauge fix the conformal transformations

associated with the infinitesimal parameter a(o™).

13. Conclusions

We have specified the geometry of the supersymmetric heterotic string backgrounds (in
the lowest order in o) for which all the parallel spinors of the connection V with torsion
given by the NS ® NS three-form field strength are also Killing. We have also determined
the field equations that are implied by the Killing spinor equations in all cases. We have
found that there are two classes of backgrounds the null and timelike. The Killing spinors
of null backgrounds are chiral which respect to a suitable Spin(8) chirality projection or
equivalently admit a single null V-parallel vector field. The stability subgroups of the
Killing spinors in Spin(9,1) are K x R® for K = Spin(7) (N = 1), K = SU(4) (N = 2),
K = Sp(2) (N =3), K =5SU(2) x SU22) (N =4) and K = {1} (N = 8), where N
denotes the number of Killing spinors. We have shown that the spacetime is a suitable
two-parameter Lorentzian family of an eight-dimensional manifold B with a K -structure.
If the rotation of the null vector field vanishes, then B admits a metric connection, V
with skew-symmetric torsion on B CompatiAble with an integrable conformally balanced
K-structure on B, and so in particular hol(V) C K.

The Killing spinors of timelike backgrounds are not chiral which respect to a suitable
Spin(8) chirality projection or equivalently admit a time-like @—parallel vector field. The
stability subgroups of the Killing spinors in Spin(9,1) are Go (N = 2), SU(3) (N = 4),
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SU(2) (N =8) and {1} (N=16). Assuming that the vector fields constructed from spinor
bilinears close under Lie brackets, we have shown that the spacetime is locally a principal
bundle, P(H, B, ), whose fibre directions are the orbits of the parallel vector fields and the
base space is a manifold with a Gy (n =7) , SU.(3) (n = 6) and SU(2) (n = 4)-structure,
respectively, where n = dimB. We have described the geometry of the spacetime of all
supersymmetric backgrounds in terms of principal bundle data.

We also applied some of our results to the supersymmetric configurations of the com-
mon sector of type I supergravities. We have found that there are some differences between
the properties of IIA and IIB supersymmetric common sector backgrounds. We also deter-
mined the conditions for the common sector IIB backgrounds with two supersymmetries.
A consequence of our results is that all supersymmetric common sector and heterotic string
backgrounds admit a null V-parallel vector field. This may be used to lightcone gauge fix
the (super)conformal gauge symmetry of strings propagating in such backgrounds.

We have not investigated in detail the timelike backgrounds for which the set of the
vector fields constructed from spinor bilinears does not close under Lie brackets. However,
we have shown that the commutator vector field [X, Y] of any two V-parallel vectors X, Y is
also @—parallel. Therefore there are several possible geometric structures for the spacetime
ranging from a principal bundle, which we have mentioned above, to a Lorentzian Lie
group.

It is well-known the field equations of the heterotic string contain higher curvature
correction terms. These modify the field equations of the supergravity theory that we have
investigated. It has been shown in [I(] that for certain supersymmetric backgrounds with
SU(3)-invariant spinors, these higher order curvature correction terms are necessary for
consistency with the heterotic anomaly cancelation mechanism. It would be of interest to
find whether this persists to all supersymmetric backgrounds that we have analyzed.

Another class of supersymmetric heterotic backgrounds that we have not investigated
are those for which the number of Killing spinors is less than the number of @—parallel
spinors, i.e. some of the @—parallel spinors do not solve the dilatino Killing spinor equation.
It is known such supersymmetric backgrounds exist. However, the analysis we have done
for the gravitino Killing spinor equation in this paper still applies to this class of models.
In particular, one can determine the stability subgroup in Spin(9, 1) of the parallel spinors
and construct the spacetime form spinor bilinears. Taking a basis in the space of parallel
spinors {7;}, one then can write the Killing spinors as €, = f,;n; and substitute them in the
dilatino Killing spinors equation. Using the results we have collected in the appendices,
one can derive linear systems similar to those which have been found in the context of IIB
supergravity [Bl]. These linear systems can be solved to find the Killing spinors of such
backgrounds.
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A. Spinors and forms

A.1 Spinors from forms

Spinors can be described in terms of forms. This construction is explained in, e.g. [54, Bj
and it has been used in [PJ] in the context of manifolds with special holonomy. This
description has been applied to the the Majorana-Weyl spinors of Spin(9,1) in [Bg. Here
for completeness, we shall briefly summarize some of the aspects of this construction.

Consider the Euclidean space U = R < eq,...,e5 >, where eq, ..., e5 is an orthonormal
basis. The space of Dirac spinors of Spin(9,1) is A, = A*(U ® C). The gamma matrices
are represented on A, as

Fon=—esAn+esm, Tsn=esAn+esm,
I'in=eAn+em, 1=1,...,4
Tspim = ie; Am—ie;m. (A1)

A, decomposes into two complex chiral representations according to the degree of the form
AF = AU ® C) and A7 = A°(U ® C). These are the complex Weyl representations
of Spin(9,1).

The gamma matrices {I';;i = 1,...,9} are Hermitian and T’y is anti-Hermitian with

respect to the inner product
5
< 2%, whey >= Z(za)*wa , (A.2)
a=1

on U ® C and then extended to A., where (2*)* is the standard complex conjugate of z°.
The above gamma matrices satisfy the Clifford algebra relations I'gyI'p + I'gl'4 = 2nap
with respect to the Lorentzian inner product as expected.

A Spin(9,1) Majorana inner product is

B(n,0) =< B(n*),0 > , (A.3)

where the map denoted with the same symbol B = I'gg7g9. Observe that this Majorana
inner product is skew-symmetric B(n,0) = —B(0,n). B pairs the A} and A7 representa-
tions. Moreover, both AT and A_ are Lagrangian with respect to B, i.e. B restricted to
either AT or A7 vanishes. The Spin(9,1) Dirac inner product is

D(n,0) =<Ton,0 > . (A.4)

It is well-known that Spin(9,1) admits two inequivalent Majorana-Weyl representa-
tions. So it remains to impose the Majorana condition on the complex Weyl representations
we have constructed above. The Majorana condition can be chosen as

n"=-ToB(n), (A.5)
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or equivalently

n* = Terson . (A.6)
Observe that this reality condition maps forms of even (odd)-degree to forms of even (odd)-
degree and selects real subspaces Afﬁ and AJs in AT and A, respectively. These subspaces
are the modules of the two inequivalent Majorana-Weyl representations of Spin(9,1). For
example 1 and eq934 are complex Weyl spinors while 1+ e1934 and i1 —ie1934 are Majorana-
Weyl, i.e. real chiral spinors.

The spacetime form bilinears associated with the spinors 7, 6. are given as
_ L A Ay _
a(n, ) = k'B(TI7FA1---Ak6)e Ao Nek k=0,...,9. (A.7)

If both spinors are of the same chirality, then it is sufficient to compute the forms up to
degree k < 5. This is because the forms with degrees k > 6 are related to those with degrees
k <5 with a Hodge duality operation. The forms of middle dimension are either self-dual
or anti-self-dual. If n,60 € Ai"ﬁ, then the non-vanishing forms are one-forms, three-forms
and five-forms. In particular, one finds that «(n,0) = «a(0,n) for one- and five-forms, and
a(n,0) = —a(f,n) for three-forms.

In many computations that follow, it is convenient to use another basis in the space of
spinors A.. This is an oscillator basis given in terms of creation and annihilation operators.
For this, first write

1 ) 1 1
I's = —=(Ta+ilats) , Fi:%(f’g—,ifo), Fazﬁ

V2

Observe that the Clifford algebra relations in the above basis are I'4I'g + I'gl'4 = 2945,

(Foz - ira+5) : (AS)

where the non-vanishing components of the metric are g,3 = d,3,9+— = 1. In addition
we define T'B = ¢BAT 4. The 1 spinor is a Clifford vacuum, I'y1 = I'y1 = 0 and the
representation A, can be constructed by acting on 1 with the creation operators I'*,I'* or
equivalently any spinor can be written as

5
1 o
77 = Z H ¢&1---ak Falmakl y a = 5(7 + . (Ag)
k=0

This is another manifestation of the relation between spinors and forms.

We conclude this section with our form conventions. A k-form « is denoted as
a = %ailmik e’ A ... Ae%* and so the components of the exterior derivative da of o are
doy . iy = (k + 1),y iy, ,)- The inner product of two k-forms a and 3 is (a,8) =
%ail___ikﬂjl___jkg“jl ... ¢g"J% where g is the manifold metric. The Hodge dual xa of a k-
form « is defined as a A3 = (xa, 3) dvol, where (3 is a (n— k)-form and dvol is the volume of

the n-dimensional manifold. This gives that *xa;, lein = %ajl---jk AR The inner

derivation iy« of a k-form « with an endomorphism [ isija = ﬁﬁham...ik ENA. . Netk.

Tht1---tn

A.2 Spacetime forms from spinors
A.2.1 The Spin(7) x R8- and SU(4) x R%-invariant spinors

To compute the spacetime forms that are associated with the Spin(7) x R®- and SU (4) x RS-
invariant spinors, it is sufficient to know the spacetime forms associated with the 1 and ej234
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spinors. This is because as we have seen 1 and ej934 span the Spin(7) x R®- and SU (4) x R®-
invariant spinors. As a result, the spacetime forms associated with the Spin(7) x RS- and
SU(4) x RB-invariant spinors are linear combinations of the forms associated with the 1
and ejo34 spinors. Using @), it is easy to find that the forms associated with the 1 and
e1234 spinors are the following: A one-form

r(e1234,1) = e — €5 | (A.10)
a three-form
E(e131,1) = —i(® — ) Aw (A.11)
and five-forms

7(1,1) = (e —f YAX, T(eizsasersa) = (e —€®) A X,
T(e1234,1) = —5(60 — 65) ANwAw, (A.12)

where

w=—("ANel+e2Nne"+e3Nnel+etne?),

x = (el +ie8) A (e +ieT) A (€3 +ie®) A (et +ie?). (A.13)
A.2.2 The Gs-invariant spinors

The G5 invariant spinors are linear combinations of 1, ej934, €15 and esggys spinors. The
spacetime form bilinears associated with 1 and e1234 have been given in the previous section.
Here we shall compute the spacetime forms associated with the rest of the spinor bilinears.

In particular, we have the one-forms
1_ .6 1, ;.6
(1, ea345) = —e” —ie” ,  kK(e1a3s,€15) = —e +ie”
0, 5
K(€2345,€15) = € +¢€” (A.14)

the three-forms

§(1,e15) = X
£(1,e2345) = Z(e +ie) Ao+ (e +ief) Al Ae®
E(e123a, e15) = (et —ie®) A D+ (el —ie®) AeP A€,
§(e1234, €2315) = X*
E(eazas, e15) = —i(e® + ) AD —i(e® +eS)Ael Neb (A.15)
where
O=—(E2ne"+SE Nl +etned),
X = (2 +ie") A (€3 +ie®) A (et +ie?) (A.16)

and the five-forms

(1,e15) = [P Ae® —iel Ab]A Y,
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7(1, e2315) = (e! +ieb) A [;d)/\d)—l—i@/\eo/\e‘:’] )
7(e1234, €15) = (e —ieb) A [;d)/\d)—iw/\eo/\e5] ,
7(e1234, €2345) = [—€® A€ +iel A eC] A X
T(e2345,€15) = (e +e ) [—%d}/\dj—d}/\el /\66] ,
7(e15,e15) = —(e2 +€®) A (el —1'66) AX,
T(e9345, €a345) = — (€ 4+ %) A (! +ie®) A X*. (A.17)

A.2.3 The N = 3 case

The Sp(2) invariant spinors are linear combinations of 1, e1234, €12 and esq. The spinor
bilinears of 1 and ejs34 have been computed already. Here, we shall give remaining forms.
For this, let us set

wi=—(e'ANef+eneT), w=—(AS+etAE),
X1 = (e + ie ) A (62 + z'e7) , X2 = (63 + ieg) A (64 + ieg) . (A.18)
Note that
w=wit+ws, X=Xx1ANX2- (A.19)

Then we find, the one-forms

/{(612, 634) = 5(634, 612) = —(60 — 65) s (A20)
the three-forms,
(e12,1) = —(" —e®) A xz2
(ezq, 1) = —(" =) Axa
¢(er34, €12) = — (¥ — ) A XY,
¢(er34, €34) = — (¥ — ) A XS,
5(634, 612) = —i(eo — 65) A (w1 — (,UQ) , (A.21)
and five-forms
T(e12,1) = i(eo — 65) AwiAXa2,
T(esq,1) = i(eo — 65) Awa A X1,
(€12, €1234) = (e —€®) Awa AXT ,
T(esq, €1234) = z'(eo — 65) ANwi AXy
T(e1z,e12) = (2 —€”) AxG Axz2,
T(esq,€34) = (160 65) AX1A X5,
(612, 634) 5(60 — 65) A (wl — wg) A (w1 — wg) . (A.22)

A.2.4 N =4, SU(3)

The relevant spinors are linear combinations of 1, ej934, €15 and eo345. The associated
spacetime forms are given in section (jA.2.9).
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A.2.5 N =4, (SU(2) x SU(2)) x R®

We need to consider linear combinations of 1, e1934, €12 and ez4. The spacetime forms are
given in section ([A.2.3).

A.2.6 N =8, SU(2)

The SU(2)-invariant Majorana-Weyl spinors are linear combinations of 1, ej934, €12, €34,
€15, €95 ea345 and eysys. There are five types of spinors that occur in A{G. These are

1, e234, €j, €5, €, ,J,k=1234. (A.23)

We have already computed form bilinears of examples of all types. Because of this, one can
compute the form spinor bilinears of the remaining pairs by appropriately relabelling the
indices of the forms of the pairs we have already computed. We have done the computation
but the result is not enlightening. Because of this we shall not explicitly list all the forms.

B. A linear system

In order to systematically solve the Killing spinor equations, we determine the action of
the supercovariant derivative on the five types of spinors (A.2J) and expand the results
in the basis (A.g). This is similar to the calculation of IIB-supergravity and M-theory
in Bl]. We use the following conventions for the indices: A, B,C € {+,—,1,..,4,1,..,4},
a,B € {1,..,4} and k,l,m,n € {1,..,4} with the restriction k,l,m,n # «, 3. The Greek
indices are not subject to the sum convention. In particular, we find

1. 1/ . 1o 7 1 .
TQapelP1= 3 <QA,,€’“ + QA7,+) L+ Qa4 50, g0, (B
14 14 o 1 - s
ZQA,BCFBC€1234 = - gQA,klfklmﬁrmnl + ﬂQA,+k€kZmﬁF+Flmn1
1 /4 .
+3 (QA,7+ - QA,kk> €1234 (B.2)
14 A 14 Tiad
ZQA,BCFBCeaB = — Quapl + §QA,,;zeklo‘ﬁe1234

+ i <QA,aa + QA,Bﬁ + Qask+ QA,—+> reri

+ %QA’,;al‘El“Bl - %QAMFEFﬁ

+ %QA,+QF+PB1 - %QAH;FW%

+ i() RS i A A (B.3)

1. 5 ~ 1/ - - ~
ZQABchCPJFFal = — 29,47_@1 + 5 (QA,kk + QA@O( — QA7_+> r+rei

,69,



~ P A 7 1 _ 77
— QDT — QG TR+ il AT (B4

1
ZQA,BCFBCFJT%H?A =

A similar analysis for the dilatino

N 14
QQA,—o?€1234 - ZQA,&kEk
1

24

<3A<1>FA - iHABcrABC) 1=

12

1
(amrf‘ . EHABCFABC> 1934 =

1
(aAqn“A - EHABCFABC) Cas

(amr‘* - 1—12HABCFABC) rtre:

1
(8A(I>FA — EHABcFABC> F+Fa€1234

alm

(—QA,kk + Q405 — QA,—+> T s |

1. - 1x 7=
79 ApeM DT — 59 A g€ TIm (B.5)
equation yields
1 1 1 k
3E(I’+§H;;L+§H+_,; 1
+ (a+<1> - %HM’“) rt1— iHm—r*rEH
1 sr
- EHzrkal L, (B.6)
1 klm i
gHHmG ;LF 1
1
+ (8+<I> + §H+kk> T eio34
1 1 1 .
+ E <8k® —|— inll —|— §H+,k) Gk[—ﬁr mnl
+ %H+,€le’”mr+rm1 : (B.7)
1 - _
= 7§H+1‘J€kl P e1234 + HiapD 1+ Hyopl*1
1 1 1 .
+ (—0s® + ZHaos + =Hg' — ZH,._5) %1
2 2 2
1 1, ., 1 3
+ (8a(b — EHBBO‘ - 5 al + §H+_a> I'”1
1 1., 1 1 G
+ 5 <8+<I> — gHo" = S Higa - 5H+55) rrer’y
1 1 1 1 1 S
+3 <al—€<1> + 5 Hoar + 5 Hpar — §H,;l’ + §H+_,;) r*rerda
- iHa,;l—r"“"rﬁ 1+ iHﬁ,—d—rﬁrﬁ
1 kB 1 Fpa
+ 5111+al;r+r 1 — §H+B,—CF+F 1, (B.8)
1 —=_ _ —
- §H,;—,_,Le’“ MO e 03y + 2H_ ;TR
+ (28,@ — H_go — H_k’“) re1
n (—28@ T Halk o+ H+_a) r+1
+ (a,—;p + %Ham; - %H+,,; + %H”;l) r+rerky
+ %Ha,—d—ﬁr“l - %H,l—d— apkly | (B.9)
1 1 1
=z <a_q> + 5 H-aa + 5H,kk> BT A |
1 1. &
-2 <8a<13 - §H+—a + EHak I'e1234
1 1 1 1 -
-5 <ak<1> + 5 Haak = 5 Hyx+ §Hkll) S i i |
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1 - _

- Efgkm“amr+r“rm14-H;kw““mrm1
1 |

+»511,@Mfa;-rar“”1+-gfﬁdme“m“r+14 (B.10)

The above expressions can be used to construct the linear systems for those backgrounds

for which not all parallel spinors are Killing. We have also used the above equations to

determine the conditions on the geometry of spacetime for the supersymmetric backgrounds

we have examined.
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